The Spectral Theorem

Name: Unique ID:

Problem 1. Consider the real-symmetric matrix S given by

9 12
5= {12 16}

Find all unitary matrices U that diagonalize S.




Problem 2. Consider the real-symmetric matrix S given by

1 0 2
S=10 -1 =2
2 -2 0

Find a spectral factorization of S without using a computer.



Problem 3. The real symmetric matrix S below has exactly three eigenvalues.

4 4 -3 1 1 0 1
4 5 4 0 1 1 0
S = 3 4 4 1 Es(M\1) = Span 1 Es(A2) = Span{us} Es(9) = Span 121
1 0 -1 8 0 -1 2

(a) Find the correct value of A;.

(b) Find the correct value of As.

(¢) There are only two valid unit vectors that us could equal. Find these two unit vectors. You may need
to do some row reductions on a computer.



(d) Find a spectral factorization S = UDUT.



1 3
Problem 4. Find a spectral factorization H = UDU™ of the Hermitian matrix H = {32’ 311] .

Problem 5. A matrix S is skew-Hermitian if S* = —S. Suppose that A is an eigenvalue of a skew-Hermitian
matrix S. Show that A = —A\.

Hint. Follow the proof of Part I of the spectral theorem.



