Definiteness of Quadratic Forms

Name: Unique ID:

Problem 1. Let ¢(x) = (z, Sz) where

10 3
=[5

Complete the square to write g(z) = A\ y? + A2 ¥5 and determine the definiteness of S. Write each of 3; and
yo in terms of x7 and zs.



Problem 2. Suppose that S; and Sy are positive definite matrices. Show that S; + Ss is also positive
definite.

Hint. Consider q(x) = (z, (S1 + S2)x).

Problem 3. Suppose d, da, and ds are real numbers and consider the matrix S given by

L D LT
1 0 0|{dge 0 0|1 -3 7
S=1-3 1 0 0 da 0]]0 1 -9
7T -9 1 0 0 ds| |0 0 1

Let g(x) be the quadratic form ¢(x) = (z, Sx).

(a) Prove that S is real-symmetric without calculating S.

(b) Tt is possible to write q(x) = dy y3 + da y3 + d3 3. Find y1, y2, and y3 in terms of x1, z2, and x3.

(¢) Under what condition is S positive definite? Clearly explain your condition.



3 1 =2
Problem 4. Let g(x) = (x,Sx) where S=| 1 2  1|. Complete the square to write g(x) as a linear
-2 1 3
combination of square terms and determine the definiteness of S.



Problem 5. Consider the quadratic form on R* given by

2 1 -2 -7
(5x1 =3y —a34+24)+ = (21 + 22 +223)° + — (21 + 22— 23 —314)> + — (21 + 322 — 223+ 214)>

a(@) = 35 6 12 18

Let S be the real-symmetric matrix satisfying q(x) = (x, Sz).
(a) Find a spectral factorization S = UDUT of S without finding S and determine the definiteness of S.

(b) Show that exp(S) is real symmetric and determine the definiteness of exp(S).



