Projections

Name: Unique ID:

Problem 1. Suppose that an n x n matrix P is symmetric (PT = P) and idempotent (P? = P).

(a) Show that the matrix I,, — P is symmetric.

(b) Show that the matrix I,, — P is idempotent.

(¢) Show that every vector v € R™ satisfies the equation
(Pv, (I, — P)v) =0

Hint. Start with the adjoint formula.



Problem 2. Let P be the projection matrix onto a vector space V' C R™ where dim(V) = d. Show that
trace(P) = d.

Hint. The projection formula from class says that P = X(XTX) !XT where X is ?7x?. Also, recall the
general formula for trace trace(M N) = trace(NM) when M N and NM are defined.

Problem 3. Consider the matrix @ (whose columns are independent) given by

2 2 0
1 1-2 2 3

Ji7|-3 0 -2
03 -2

Q=

This matrix is very convenient to work with because each column of () is a unit vector orthogonal to all
other columns of (). Do not ignore the factor of 1/vi7 used to define this matrix!

(a) Calculate the Gramian of ). The information given above allows you to do with without doing any
arithmetic.

(b) Find the projection matrix P onto Col(Q) without using a computer.



Problem 4. Let V C R® be the vector space of solutions to the equation
$17$273$372$4+2$5 =0

(a) Find a matrix A such that Null(A) = V. Draw the picture of all four fundamental subspaces of A
(including their dimensions).

(b) Find the projection matrix Py without using a computer.
Hint. This is a difficult direct computation. The picture from part (a) helps make this problem easier!



