
Null Spaces

Name: Unique ID:

Problem 1. Consider the matrix A given by

A =

−8 −12 −60 −48
−1 −2 −9 −7
3 5 24 19


(a) Let v =

[
0 1 0 0

]⊺
. Show that v /∈ Null(A).

(b) Describe all vectors in Null(A).



Problem 2. Consider the matrix A given by

A =


−1 −3 0 −6
−2 −4 4 −4
−1 −3 1 −5
1 3 −2 4


The scalar λ = −1 is an eigenvalue of A. Describe all of the vectors in the eigenspace EA(−1).

Problem 3. Let A be an n× n matrix and define M = A− 7 · In. Suppose that λ = 3 is an eigenvalue of
A and that v is a corresponding eigenvector of A. Show that v is also an eigenvector of M and identify the
corresponding eigenvalue.



One important feature of the Gramian A⊺A of a matrix A is that it has the same null space as A (i.e.
Null(A⊺A) = Null(A)). This next problem will walk you through the proof of this fact.

Problem 4. Let A be an m× n matrix.

(a) Suppose v ∈ Null(A). Show that v ∈ Null(A⊺A).

(b) Suppose v ∈ Null(A⊺A). Show that v ∈ Null(A) by showing that ∥Av∥2 = 0.


