
Matrix Multiplication

Name: Unique ID:

Note. You should always feel free to outsource matrix multiplication calculations to a computer. How-
ever, you must always make it clear which matrices you are multiplying in your work.

Problem 1. Consider the vectors v and w given by

v =

−3
1
8

 w =


5
3

−1
−9


Here, we will think of v as a 3× 1 matrix and w as a 4× 1 matrix. The outer product of v and w is defined
by the formula v ⊗w = vw⊺.

(a) Calculate v⊗w (note that this can be quickly done without a computer). What type of object is v⊗w?

(b) Are v ⊗w and w ⊗ v equal? If not, are they related?



Problem 2. Consider the matrices U and V given by

U =


0 1 1

−2 1 1
−2 1 1
−2 −2 0

 V =

[
0 2 1
1 1 0

]

Let u1,u2,u3 be the columns of U and let v1,v2,v3 be the columns of V .

(a) Calculate A = u1 ⊗ v1 + u2 ⊗ v2 + u3 ⊗ v3.

(b) Calculate B = UV ⊺. How does the matrix A from part (a) compare to B?



Problem 3. Suppose that A and B are n × n symmetric matrices and define S = ABA. Show that S is
also symmetric.

Problem 4. Suppose that A is 2025× 3, so A looks like

A =

 a1 a2 a3


Suppose that the columns a1,a2,a3 are all orthogonal to each other and that ∥a1∥ = 1, ∥a2∥ = 2, and
∥a3∥ = 3. Find the Gramian A⊺A of A.



Problem 5. Consider the matrices A, B, and Y given by

A =

−1 −1 1 0
2 1 1 3
0 0 1 2

 B =


2 2 −1

−5 −4 0
−2 −2 −1
1 1 1

 Y =

−2 −2 0
2 −1 2
2 1 1


(a) Calculate AB and BA. Are either of these matrices familiar?

(b) Find a matrix X satisfying AX = Y .


