
Dimension

Name: Unique ID:

Problem 1. If possible, construct a matrix A with the following properties[
1 3 −5

]⊺
,
[
−2 −6 11

]⊺ ∈ Null(A)
[
1 0 4 0

]⊺
,
[
0 1 5 −7

]⊺ ∈ Col(A)

If this is not possible, then explain why.



Problem 2. Let A be the incidence matrix of the digraph G given by

v1 v2 v3a1

a2

a3

v4 v5a4

a5

a6

(a) Draw the picture of the four fundamental subspaces of A. Label each space with its dimension.

(b) Is it possible to add three nodes and nine arrows to G to construct a new digraph G′ whose circuit rank
is 13? Rigorously argue why or why not using concepts covered in class.



Problem 3. Consider A =

L
1 0 0 0
1 1 0 0
0 1 1 0
0 1 1 1


U

3 −6 0 0 0 0
0 0 5 10 −15 0
0 0 0 0 2 10
0 0 0 0 0 7

. Do not multiply to find A!

(a) Draw the picture of the four fundamental subspaces of A and include their dimensions.

(b) Find the pivot columns of A. These vectors form a basis of .



(c) Find a basis of Col(A⊺).

(d) Find a basis of Null(A).

(e) List every vector in Null(A⊺).



Problem 4. The scalar λ = 2 is an eigenvalue of A =

94 −259 92
40 −111 40
17 −49 19

 and gmA(2) = 1. Use this

information to find a basis of EA(2) without doing row reductions.

Problem 5. The scalar λ = 2 is an eigenvalue of A =


0 1 −1 0

−5 0 −7 4
−15 −9 −22 16
−24 −12 −36 25

 and gmA(2) = 1. Use this

information to find a basis of EA(2) without doing row reductions.



Problem 6. The scalar λ = 2 is an eigenvalue of A =


72 9 79 −70
21 4 23 −21

−21 −3 −22 21
50 6 56 −48

 and gmA(2) = 2. Use this

information to find a basis of EA(2) without doing row reductions.


