
Complex Numbers

Name: Unique ID:

Problem 1. Consider the matrix A given by

A =

[
1 i i
i −1 i

]
(a) Use elementary row operations to calculate rref(A) without a computer.

(b) Find a unit vector u in Null(A).



Problem 2. Consider the matrix A given by

A =

 1 i+ 1 −2i −i− 1
−i+ 1 2 −i− 2 i− 3

i i− 1 i −2i− 2


(a) Use the Gauß-Jordan algorithm to find the “pivot solutions” to Ax = O. Clearly show your row-

reductions and properly label them to receive credit.

(b) In (a) you should have found that the general solution to Ax = O takes the form x = c1 · x1 + c2 · x2

where x1 and x2 are the pivot solutions to Ax = O. Calculate each of the following inner products
(here r1, r2, r3 represent the rows of A).

⟨x1, r1⟩ = ⟨x1, r2⟩ = ⟨x1, r3⟩ =

⟨x2, r1⟩ = ⟨x2, r2⟩ = ⟨x2, r3⟩ =

(c) In (b) you should have found that none of the inner products between the “pivot solutions” x1,x2 to
Ax = O is orthogonal to any of the rows of A. Yet, each of x1 and x2 belongs to Null(A). Briefly
explain why this does not contract the principle of orthogonal complements.



Problem 3. λ = −4 is an eigenvalue of A =

−6i+ 1 −i+ 1 −i+ 1
−i+ 4 −3 1
3i− 1 −i+ 1 −i− 3

. Find a basis of EA(−4).

Problem 4. λ = 2 is an eigenvalue of A =

 3 −4i− 3 −i
1 1 −i

−3i+ 1 i− 45 −i− 1

. Find a basis of EA(2).



Problem 5. Suppose that A∗ = −A. Show that H = iA is Hermitian.

Problem 6. Suppose that u ∈ Cn is a unit vector and define Q = In − 2uu∗.

(a) Show that Q is Hermitian.

(b) Show that Q is unitary.


