
Least Squares

Brian D. Fitzpatrick

March 2, 2021

MATH



Overview

Motivation
Line-Fitting
The “Real World”

Least Squares
Derivation
Example

Linear Regression
Example
Formula



Motivation
Line-Fitting

Example

Let’s find a line f (t) = a0 + a1 t that passes through these data points.

(0,2)

(3,1)

(1,0)

f (0)=2⇔a0+0 a1=2

f (3)=1⇔a0+3 a1=1

f (1)=0⇔a0+a1=0

rref


a0 a1

1 0 2
1 3 1
1 1 0


A
b/∈Col(A)

=


a0 a1

1 0 0
0 1 0
0 0 1


inconsistent!

No such line exists because the corresponding system is inconsistent!
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Motivation
The “Real World”

Observation
In the “real world” data is often collected with imprecise methods.

rref

 0.867 −0.464 0.293 0.331 −0.197
0.579 0.636 0.627 0.657 −0.086
0.855 0.821 0.031 0.569 0.889
0.780 0.297 0.927 0.986 0.040
−0.004 −0.821 0.309 0.921 0.398

0.146 −0.934 −0.370 −0.876 0.306


A b/∈Col(A)

=

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0


inconsistent!

These systems are almost always inconsistent.
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Least Squares
Derivation

Observation
We can project b /∈ Col(A) onto Col(A) to obtain Pb = Ax̂ .

Col(A)

b − Ax̂ ⊥ Col(A)
Aᵀ(b − Ax̂) = O

Pb

=Ax̂

b

Pb ∈ Col(A) so Pb = Ax̂

Our desired x̂ solves AᵀAx̂ = Aᵀb.
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Least Squares
Derivation

Definition
The least squares problem associated to Ax = b is

AᵀAx̂ = Aᵀb
The Gramian!

Solutions x̂ are called least squares approximate solutions and satisfy

Ax̂ = Pb
projection onto Col(A)

The error is E = ‖b − Ax̂‖2.
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Least Squares
Example

Example

Consider the matrix A and the vector b given by

A =

[1 0 −1
0 1 1
1 1 2
0 −1 −2

]
b =

[ 2
0
3
−4

]

rref
[x̂1 x̂2 x̂3

2 1 1 5
1 3 5 7
1 5 10 12

]
AᵀA Aᵀb

=
[x̂1 x̂2 x̂3

1 0 0 2
0 1 0 0
0 0 1 1

]
x̂

The least squares approximate solution is x̂ = [2 0 1]ᵀ. The error is

E =

∥∥∥∥[ 2
0
3
−4

]b

−
[ 1

1
4
−2

]Ax̂ ∥∥∥∥2

= 7

Here, we have calculated Pb = [1 1 4 −2]
Ax̂

ᵀ.
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Let’s use least squares to approximate this data with f (t) = a0 + a1 t.

(0,2)
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(1,0)
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3 4 3
4 10 3
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AᵀA Aᵀb
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1 0 9/7

0 1 −3/14

]
f̂ (t)=9/7−3/14 t

E=(2−f̂ (0))2+(0−f̂ (1))2+(1−f̂ (3))2

We call f̂ (t) the least squares line of best fit.
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[â0 â1
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[â0 â1
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[â0 â1
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[â0 â1
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Linear Regression
Formula

Observation
To fit f (t) = a0 + a1 t to {(t1, b1), (t2, b2), . . . , (tm, bm)} we consider


a0 a1
1 t1 b1
1 t2 b2

1 tm bm

 f (t1)=b1
f (t2)=b2

f (tm)=bm

A b

[
1 1 1
t1 t2 tm

]Aᵀ
1 t1

1 t2

1 tm


A

=
[

m Σti
Σti Σt2

i

]AᵀA [
1 1 1
t1 t2 tm

]Aᵀ
 b1

b2

bm


b

=
[

Σbi
Σtibi

]Aᵀb

The least squares line of best fit is f̂ (t) = â0 + â1 t where

[ â0 â1

m Σti Σbi
Σti Σt2

i Σtibi

]
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m Σti Σbi
Σti Σt2

i Σtibi

]



Linear Regression
Formula

Observation
To fit f (t) = a0 + a1 t to {(t1, b1), (t2, b2), . . . , (tm, bm)} we consider


a0 a1
1 t1 b1
1 t2 b2

1 tm bm

 f (t1)=b1
f (t2)=b2

f (tm)=bm

A b

[
1 1 1
t1 t2 tm

]Aᵀ
1 t1

1 t2

1 tm


A

=
[

m Σti
Σti Σt2

i

]AᵀA [
1 1 1
t1 t2 tm

]Aᵀ
 b1

b2

bm


b

=
[

Σbi
Σtibi

]Aᵀb

The least squares line of best fit is f̂ (t) = â0 + â1 t where
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[ â0 â1
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[ â0 â1
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m Σti Σbi
Σti Σt2

i Σtibi

]



Linear Regression
Formula

Observation
To fit f (t) = a0 + a1 t to {(t1, b1), (t2, b2), . . . , (tm, bm)} we consider


a0 a1
1 t1 b1
1 t2 b2

1 tm bm

 f (t1)=b1
f (t2)=b2

f (tm)=bm

A b

[
1 1 1
t1 t2 tm

]Aᵀ
1 t1

1 t2

1 tm


A

=
[
m Σti

Σti Σt2
i

]AᵀA [
1 1 1
t1 t2 tm

]Aᵀ
 b1

b2

bm


b

=
[

Σbi
Σtibi

]Aᵀb

The least squares line of best fit is f̂ (t) = â0 + â1 t where
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[ â0 â1
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