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Geometric Vectors
Arrows in R2

Definition
We view v ∈ R2 as an arrow in the xy-plane.

x
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=
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[
8− 3

2− 1

]
=

[
5
1

]

P(3, 1)
“tail”

Q(8, 2)
“tip”

Coordinates are given by tail-to-tip displacement.
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Geometric Vectors
Arrows in R2

Observation
Vectors represent displacement, not location.
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These are all the same vector!
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Geometric Vectors
Arrows in R2

Definition
The length of v =

[
v1 v2

]⊺
is ∥v∥ =

√
v21 + v22 .
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∥v∥ =
√
52 + 12 =

√
26

v1 = 5

v2 = 1
P(3, 1)

Q(8, 2)

This formula is inspired by the Pythagorean theorem.
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Geometric Vectors
Arrows in R3

Definition
We view v ∈ R3 as an arrow in xyz-space.

P(1,−3,−1)

Q(−2, 3, 1)
v =

#   ‰

PQ

=
[ −3 6 2

]⊺

x

y

z

Again, coordinates are given by tail-to-tip displacement.



Geometric Vectors
Arrows in R3

Definition
We view v ∈ R3 as an arrow in xyz-space.

P(1,−3,−1)

Q(−2, 3, 1)
v =

#   ‰

PQ

=
[ −3 6 2

]⊺

x

y

z

Again, coordinates are given by tail-to-tip displacement.



Geometric Vectors
Arrows in R3

Definition
We view v ∈ R3 as an arrow in xyz-space.

P(1,−3,−1)

Q(−2, 3, 1)
v =

#   ‰

PQ

=
[ −3 6 2

]⊺

x

y

z

Again, coordinates are given by tail-to-tip displacement.



Geometric Vectors
Arrows in R3

Definition
We view v ∈ R3 as an arrow in xyz-space.

P(1,−3,−1)

Q(−2, 3, 1)
v =

#   ‰

PQ

=
[ −3 6 2

]⊺

x

y

z

Again, coordinates are given by tail-to-tip displacement.



Geometric Vectors
Arrows in R3

Definition
We view v ∈ R3 as an arrow in xyz-space.

P(1,−3,−1)

Q(−2, 3, 1)
v =

#   ‰

PQ

=
[ −3 6 2

]⊺

x

y

z

Again, coordinates are given by tail-to-tip displacement.



Geometric Vectors
Arrows in R3

Definition
We view v ∈ R3 as an arrow in xyz-space.

P(1,−3,−1)

Q(−2, 3, 1)
v =

#   ‰

PQ

=
[ −3 6 2

]⊺

x

y

z

Again, coordinates are given by tail-to-tip displacement.



Geometric Vectors
Arrows in R3

Definition
We view v ∈ R3 as an arrow in xyz-space.

P(1,−3,−1)

Q(−2, 3, 1)
v =

#   ‰

PQ

=
[ −3 6 2

]⊺

x

y

z

Again, coordinates are given by tail-to-tip displacement.



Geometric Vectors
Arrows in R3

Definition
We view v ∈ R3 as an arrow in xyz-space.

P(1,−3,−1)

Q(−2, 3, 1)
v =

#   ‰

PQ

=
[ −3 6 2

]⊺

x

y

z

Again, coordinates are given by tail-to-tip displacement.



Geometric Vectors
Arrows in R3

Definition
We view v ∈ R3 as an arrow in xyz-space.

P(1,−3,−1)

Q(−2, 3, 1)
v =

#   ‰

PQ

=
[ −3 6 2

]⊺

x

y

z

Again, coordinates are given by tail-to-tip displacement.



Geometric Vectors
Arrows in R3

Definition
We view v ∈ R3 as an arrow in xyz-space.

P(1,−3,−1)

Q(−2, 3, 1)
v =

#   ‰

PQ
=
[ −3 6 2

]⊺

x

y

z

Again, coordinates are given by tail-to-tip displacement.



Geometric Vectors
Arrows in R3
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The length of v =

[
v1 v2 v3
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√
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∥v∥ =
√

(−3)
2 + 62 +

22 =
√

49 =
7

Again, ∥v∥ measures distance from tail to tip.
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Geometric Vectors
Arrows in Rn

Definition
We view v ∈ Rn as an arrow in space.

v

w
x

Visible geometry in R3 defines geometry in Rn.



Geometric Vectors
Arrows in Rn

Definition
The length of v =

[
v1 v2 vn

]⊺
is ∥v∥ =

√
v21 + v22 + · · ·+ v2n .

v =
[ 4

0
−2

−5
−1
] ⊺

∥v∥ =
√

42 + 02 + (−2)2 + (−5)2 + (−1)2

=
√
16 + 0 + 4 + 25 + 1

=
√
46



Arithmetic and Properties
Scaling Arrows

Theorem
∥c · v∥ = |c | · ∥v∥

Proof.
∥c · v∥ =

∥∥c ·
[
v1 v2 vn

]⊺∥∥
=

∥∥[c · v1 c · v2 c · vn
]⊺∥∥

=
√
(c · v1)2 + (c · v2)2 + · · ·+ (c · vn)2

=
√
c2 · (v21 + v22 + · · ·+ v2n )

=
√
c2 ·

√
v21 + v22 + · · ·+ v2n

=

|c | · ∥v∥
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Arithmetic and Properties
Scaling Arrows

Observation
The product c · v scales and orients v .

v 2
· v

1 /2
· v

−
1 /2
· v

−1
· v

The magnitude |c | controls length and the sign controls direction.



Arithmetic and Properties
Adding Arrows

Observation
To interpret v + w geometrically, start by forming a parallelogram.

v

w

v

wv +w

The sum v + w is the diagonal of this parallelogram.
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Arithmetic and Properties
Adding Arrows

Example

Our geometric perspective of sums allows us to interpret vector diagrams.

v
w

x

y =

v − x

z =

w − v
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Arithmetic and Properties
Unit Vectors

Definition
A unit vector is a vector with length one.



Arithmetic and Properties
Unit Vectors

Example

The length of u =
[
1/2 −1/2 −1/2 1/2

]⊺
is

∥u∥ =

∥∥[1/2 −1/2 −1/2 1/2
]⊺∥∥

=
∥∥(1/2) · [1 −1 −1 1

]⊺∥∥
= |1/2| ·

∥∥[1 −1 −1 1
]⊺∥∥

= (1/2) ·
√
12 + (−1)2 + (−1)2 + 12

= (1/2) ·
√
1 + 1 + 1 + 1

= (1/2) ·
√
4

= (1/2) · 2
= 1

This shows that u is a unit vector.



Arithmetic and Properties
Unit Vectors

Example

The length of u =
[
1/2 −1/2 −1/2 1/2

]⊺
is

∥u∥ =
∥∥[1/2 −1/2 −1/2 1/2

]⊺∥∥
=

∥∥(1/2) · [1 −1 −1 1
]⊺∥∥

= |1/2| ·
∥∥[1 −1 −1 1

]⊺∥∥
= (1/2) ·

√
12 + (−1)2 + (−1)2 + 12

= (1/2) ·
√
1 + 1 + 1 + 1

= (1/2) ·
√
4

= (1/2) · 2
= 1

This shows that u is a unit vector.



Arithmetic and Properties
Unit Vectors

Example

The length of u =
[
1/2 −1/2 −1/2 1/2

]⊺
is

∥u∥ =
∥∥[1/2 −1/2 −1/2 1/2

]⊺∥∥
=

∥∥(1/2) · [1 −1 −1 1
]⊺∥∥

=

|1/2| ·
∥∥[1 −1 −1 1

]⊺∥∥
= (1/2) ·

√
12 + (−1)2 + (−1)2 + 12

= (1/2) ·
√
1 + 1 + 1 + 1

= (1/2) ·
√
4

= (1/2) · 2
= 1

This shows that u is a unit vector.



Arithmetic and Properties
Unit Vectors

Example

The length of u =
[
1/2 −1/2 −1/2 1/2

]⊺
is

∥u∥ =
∥∥[1/2 −1/2 −1/2 1/2

]⊺∥∥
=

∥∥(1/2) · [1 −1 −1 1
]⊺∥∥

= |1/2| ·
∥∥[1 −1 −1 1

]⊺∥∥
=

(1/2) ·
√
12 + (−1)2 + (−1)2 + 12

= (1/2) ·
√
1 + 1 + 1 + 1

= (1/2) ·
√
4

= (1/2) · 2
= 1

This shows that u is a unit vector.



Arithmetic and Properties
Unit Vectors

Example

The length of u =
[
1/2 −1/2 −1/2 1/2

]⊺
is

∥u∥ =
∥∥[1/2 −1/2 −1/2 1/2

]⊺∥∥
=

∥∥(1/2) · [1 −1 −1 1
]⊺∥∥

= |1/2| ·
∥∥[1 −1 −1 1

]⊺∥∥
= (1/2) ·

√
12 + (−1)2 + (−1)2 + 12

=

(1/2) ·
√
1 + 1 + 1 + 1

= (1/2) ·
√
4

= (1/2) · 2
= 1

This shows that u is a unit vector.



Arithmetic and Properties
Unit Vectors

Example

The length of u =
[
1/2 −1/2 −1/2 1/2

]⊺
is

∥u∥ =
∥∥[1/2 −1/2 −1/2 1/2

]⊺∥∥
=

∥∥(1/2) · [1 −1 −1 1
]⊺∥∥

= |1/2| ·
∥∥[1 −1 −1 1

]⊺∥∥
= (1/2) ·

√
12 + (−1)2 + (−1)2 + 12

= (1/2) ·
√
1 + 1 + 1 + 1

=

(1/2) ·
√
4

= (1/2) · 2
= 1

This shows that u is a unit vector.



Arithmetic and Properties
Unit Vectors

Example

The length of u =
[
1/2 −1/2 −1/2 1/2

]⊺
is

∥u∥ =
∥∥[1/2 −1/2 −1/2 1/2

]⊺∥∥
=

∥∥(1/2) · [1 −1 −1 1
]⊺∥∥

= |1/2| ·
∥∥[1 −1 −1 1

]⊺∥∥
= (1/2) ·

√
12 + (−1)2 + (−1)2 + 12

= (1/2) ·
√
1 + 1 + 1 + 1

= (1/2) ·
√
4

=

(1/2) · 2
= 1

This shows that u is a unit vector.



Arithmetic and Properties
Unit Vectors

Example

The length of u =
[
1/2 −1/2 −1/2 1/2

]⊺
is

∥u∥ =
∥∥[1/2 −1/2 −1/2 1/2

]⊺∥∥
=

∥∥(1/2) · [1 −1 −1 1
]⊺∥∥

= |1/2| ·
∥∥[1 −1 −1 1

]⊺∥∥
= (1/2) ·

√
12 + (−1)2 + (−1)2 + 12

= (1/2) ·
√
1 + 1 + 1 + 1

= (1/2) ·
√
4

= (1/2) · 2
=

1

This shows that u is a unit vector.



Arithmetic and Properties
Unit Vectors

Example

The length of u =
[
1/2 −1/2 −1/2 1/2

]⊺
is

∥u∥ =
∥∥[1/2 −1/2 −1/2 1/2

]⊺∥∥
=

∥∥(1/2) · [1 −1 −1 1
]⊺∥∥

= |1/2| ·
∥∥[1 −1 −1 1

]⊺∥∥
= (1/2) ·

√
12 + (−1)2 + (−1)2 + 12

= (1/2) ·
√
1 + 1 + 1 + 1

= (1/2) ·
√
4

= (1/2) · 2
= 1

This shows that u is a unit vector.



Arithmetic and Properties
Unit Vectors

Example

The length of u =
[
1/2 −1/2 −1/2 1/2

]⊺
is

∥u∥ =
∥∥[1/2 −1/2 −1/2 1/2

]⊺∥∥
=

∥∥(1/2) · [1 −1 −1 1
]⊺∥∥

= |1/2| ·
∥∥[1 −1 −1 1

]⊺∥∥
= (1/2) ·

√
12 + (−1)2 + (−1)2 + 12

= (1/2) ·
√
1 + 1 + 1 + 1

= (1/2) ·
√
4

= (1/2) · 2
= 1

This shows that u is a unit vector.



Arithmetic and Properties
Normalization

Definition
The normalization of v is v̂ = (1/∥v∥) · v .

v

v̂

Calculating ∥v̂∥ gives

∥v̂∥ = ∥(1/∥v∥) · v∥ = |1/∥v∥| · ∥v∥ = (1/∥v∥) · ∥v∥ = 1

This shows that v̂ is always a unit vector.
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Arithmetic and Properties
Normalization

Example

The length ∥v∥ and normalization v̂ of v =
[
3 −8 4 2

]⊺
are

∥v∥ =
√
93 v̂ =

1√
93

·
[
3 −8 4 2

]⊺

Algebra allows us to speak geometrically about this v ∈ R4.
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The Inner Product
Definition

Definition
The inner product of v ,w ∈ Rn is

⟨v ,w⟩ = v1w1 + v2w2 + · · ·+ vnwn

This is also called the dot product ⟨v ,w⟩ = v · w .
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Example

Consider the vectors v and w given by
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]⊺ w =
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−7 0 3 −9
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The inner product of v and w is

⟨v ,w⟩ = (3)(−7) + (1)(0) + (2)(3) + (−2)(−9)

= − 21 + 0 + 6 + 18

= 3

Note that ⟨v ,w⟩ is a scalar.
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The Inner Product
Properties

Observation
The inner product obeys the following laws.

commutative ⟨v ,w⟩ = ⟨w , v⟩

left-linear ⟨c1 · v1 + c2 · v2,w⟩ = c1 · ⟨v1,w⟩+ c2 · ⟨v2,w⟩
right-linear ⟨v , c1 · w1 + c2 · w2⟩ = c1 · ⟨v ,w1⟩+ c2 · ⟨v ,w2⟩

adjoint formula ⟨Av ,w⟩ = ⟨v ,A⊺w⟩
length formula ⟨v , v⟩ = ∥v∥2
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The Inner Product
Angles

Example

The scalar ∥v − w∥2 may be written in terms of inner products

v

w

v −w

θ

∥v − w∥2 = ⟨v − w , v − w⟩
= ⟨v , v − w⟩ − ⟨w , v − w⟩
= ⟨v , v⟩ − ⟨v ,w⟩ − ⟨w , v⟩+ ⟨w ,w⟩
= ∥v∥2 + ∥w∥2 − 2 · ⟨v ,w⟩

We also have the law of cosines.

∥v − w∥2 = ∥v∥2 + ∥w∥2 − 2 · ∥v∥ · ∥w∥ · cos(θ)

Equating and simplifying gives ⟨v ,w⟩ = ∥v∥ · ∥w∥ · cos(θ).
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The Inner Product
Angles

Theorem
⟨v ,w⟩ = ∥v∥ · ∥w∥ · cos(θ)

Corollary (The Cauchy-Schwarz Inequality)

|⟨v ,w⟩| ≤ ∥v∥ · ∥w∥
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The Inner Product
Angles

Example

For v =
[
1 −3 4

]⊺
and w =

[
1 1 1

]⊺
we have

cos(θ) =
⟨v ,w⟩

∥v∥ · ∥w∥
=

⟨
[
1 −3 4

]⊺
,
[
1 1 1

]⊺⟩∥∥[1 −3 4
]⊺∥∥ ·

∥∥[1 1 1
]⊺∥∥ =

2√
26 ·

√
3



The Inner Product
Angles

Definition
Any two vectors are configured in one of the following three ways.

acute ⟨v ,w⟩ > 0

v

w θ

obtuse ⟨v ,w⟩ < 0

v

w θ

orthogonal ⟨v ,w⟩ = 0

v

w

For example, v =
[
3 −2 1 4

]⊺
and w =

[
1 1 7 −2

]⊺
satisfy

⟨v ,w⟩ = (3)(1) + (−2)(1) + (1)(7) + (4)(−2) = 0

Whatever R4 looks like, v and w are configured orthogonally.
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The Inner Product
Reinterpreting Av

Example

Consider the matrix-vector product.

A
−5 −8
2 −2
1 6
3 0


v[
3

−1

]
=


−7
8

−3
9



The ith coordinate of Av is the inner product of the ith row of A and v .
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