The Spectral Theorem

Brian D. Fitzpatrick

April 3, 2025



Overview

Part |
Statement
Example

Part I
Statement
Example

Part 11
Statement
Example

Spectral Factorizations
Definition
Examples



Part |

Statement

Theorem (The Spectral Theorem, Part |)

The eigenvalues of every Hermitian matrix H are real.



Part |

Statement

Theorem (The Spectral Theorem, Part 1)

The eigenvalues of every Hermitian matrix H are real.
this means H* = H



Part |

Statement

Theorem (The Spectral Theorem, Part |)

The eigenvalues of every Hermitian matrix H are real.
this means H* = H
Proof.

Choose a unit vector v € Ey(N) .



Part |

Statement

Theorem (The Spectral Theorem, Part 1)

The eigenvalues of every Hermitian matrix H are real.

this means H* = H
Proof. $——Hv=2X-vand (v,v)= Ivl?=1
Choose a unit vector v € Ey(N) .



Part |

Statement

Theorem (The Spectral Theorem, Part |)

The eigenvalues of every Hermitian matrix H are real.

this means H* = H
Proof. $——Hv=2X-vand (v,v)= Ivl?=1
Choose a unit vector v € Ey(A) . Then

=



Part |

Statement

Theorem (The Spectral Theorem, Part |)

The eigenvalues of every Hermitian matrix H are real.

this means H* = H
Proof. $——Hv=2X-vand (v,v)= Ivl?=1
Choose a unit vector v € Ey(A) . Then

A=) (v,v)



Part |

Statement

Theorem (The Spectral Theorem, Part |)

The eigenvalues of every Hermitian matrix H are real.

this means H* = H
Proof. $——Hv=2X-vand (v,v)= Ivl?=1
Choose a unit vector v € Ey(A) . Then

A=) (v,v)

I
—~
>

<

<
S~



Part |

Statement

Theorem (The Spectral Theorem, Part |)

The eigenvalues of every Hermitian matrix H are real.

this means H* = H
Proof. $——Hv=2X-vand (v,v)= Ivl?=1
Choose a unit vector v € Ey(A) . Then

>

=X-{v,v)



Part |

Statement

Theorem (The Spectral Theorem, Part |)

The eigenvalues of every Hermitian matrix H are real.

this means H* = H
Proof. $——Hv=2X-vand (v,v)= Ivl?=1
Choose a unit vector v € Ey(A) . Then



Part |

Statement

Theorem (The Spectral Theorem, Part |)

The eigenvalues of every Hermitian matrix H are real.

this means H* = H
Proof. $——Hv=2X-vand (v,v)= Ivl?=1
Choose a unit vector v € Ey(A) . Then

A=) (v,v) = (v, Hv)



Part |

Statement

Theorem (The Spectral Theorem, Part |)

The eigenvalues of every Hermitian matrix H are real.

this means H* = H
Proof. $——Hv=2X-vand (v,v)= Ivl?=1
Choose a unit vector v € Ey(A) . Then

A=) (v,v) = (v, Hv)
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The eigenvalues of every Hermitian matrix H are real.

this means H* = H
Proof. $——Hv=2X-vand (v,v)= Ivl?=1
Choose a unit vector v € Ey(A) . Then

A=) (v,v) = (v, Hv)
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The eigenvalues of every Hermitian matrix H are real.

this means H* = H
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Statement

Theorem (The Spectral Theorem, Part |)

The eigenvalues of every Hermitian matrix H are real.

this means H* = H
Proof. $——Hv=2X-vand (v,v)= Ivl?=1
Choose a unit vector v € Ey(A) . Then

A=) (v,v) = (v, Hv)
=\-v,v) =(v,\-v)
= (Hv,v) =X (v,v)
= (v,H"v) =

So A = )\, which means )\ € R.
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The eigenvalues of each of these matrices are all real.

-8 1-3i —i
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i 7= 9
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The eigenvalues of each of these matrices are all real
real-symmetric =

— Hermitian

3 real-symmetric

Real-symmetric matrices are also Hermitian!
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The eigenspaces of a Hermitian matrix H are orthogonal to each other.

Proof. Hvi=A1-vy Hvy = X2 - va
Consider vq € Ey(A1) and v € Ey(A2) where A1 # A2, Then

_ )\1—)\2 o <HV1,V2>—<H*V1,V2>
(vi,v) = N (vi,v2) = I
_ A1 (vi,v2) — Ao - (v, va) _ (Hvi,v2) — (Hvy, v2)
)\1 — )\2 )\1 - /\2
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The eigenspaces of a Hermitian matrix H are orthogonal to each other.

Proof.

HV1:>\1~V1

HV2:)\2~V2

Consider vq € Ey(A1) and v € Ey(A2) where A1 # A2, Then

(vi,v2) =

This demonstrates that Ey(A\1) L En(A2).

A1 — Ao

N (vi,v2)

A1 (v, va) — Ao - (v, va)
A1 — A2

(A1 v, va) — (vi, Ao - vo)
A1 — X2

<)\1 -V, V2> — <V1, HV2>
A1 — A2

<HV1, V2> — <H*V1, V2>

A1 — Ao
_ (Hvi,v2) — (Hvy, v2)
A1 — Ao

=0
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|

Es(6) =Span{[ 1 -1 —1]7}
Es(3)=Span{[1 0 1], [0 1 -1]T}
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. bl =L eg6) =span{[1 -1 -1}
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Consider the following inner-products.
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This matrix S has E-Vals(S) = {3, 6}.

R Es(3)=Span{[1 0 1], [0 1 -1]T}

. bl =L eg(6) = span{ (@=L =)}
-1 1 4

Consider the following inner-products.

(@ =1 =)' [1 0 1]h)=0 (@ =1 =1)",[0 1 -1]=0
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This matrix S has E-Vals(S) = {3, 6}.

1Y 4] ssE=sen(@ED [0 1 1]

-1 1 4
Consider the following inner-products.

5{ 4 -1 1] £5(6) = Span{ (=1 =) "}

(D) (@D -0 (@EIED [0 1 -1])=0
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11 ] s = s D). @D

Consider the following inner-products.
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These calculations demonstrate that £5(3) L E5(6).




Part I

Example

Example
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N real-symmetric!

5{ 4 -1 1} £5(6) = Span{ (=1 =) "}

1 4 1
1 1 4f| &G =sean{l@ 0 DO 1))

Consider the following inner-products.

(= =D (o 9" =o (@=L 1), (@1 1)) =0

These calculations demonstrate that £5(3) L E5(6).
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Every Hermitian matrix is diagonalizable.

Proof.
Hard.
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5 _g -8 1-3i —i 17 22 4
[_9 5} 1+3i 5 7T+ 22 -5 9
i 7T—i 9 4 9 7



Part Il

Example

Example

Each of these matrices is diagonalizable.
real-symmetric =

|

3 real-symmetric
-8 1-3;/ —i
1437 5 T+

i

7T—1i 9




Part Il

Example

Example

Each of these matrices is diagonalizable.
real-symmetric =

— Hermitian

3 real-symmetric



Part Il

Example

Example

Each of these matrices is diagonalizable.
real-symmetric =

— Hermitian

3 real-symmetric

Real-symmetric matrices are also Hermitian!



Spectral Factorizations

Definition

Theorem
A matrix H is Hermitian if and only if H has a spectral factorization.

H=UDU*



Spectral Factorizations

Definition

Theorem
A matrix H is Hermitian if and only if H has a spectral factorization.

H=UDU*
unitary U* = U1 =



Spectral Factorizations

Definition

Theorem
A matrix H is Hermitian if and only if H has a spectral factorization.

H=UDU*
unitary U* = U1 i g i real-diagonal



Spectral Factorizations

Definition

Theorem
A matrix H is Hermitian if and only if H has a spectral factorization.

H=UDU*
unitary U* = U1 i g i real-diagonal
Columns of U can be obtained by applying Gram-Schmidt to each Ey()).
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This matrix S has E-Vals(S) = {3,6}.

-1 Es(3)=Span{[1 0 1].[0 1 —1]7}

. 4 _}1 _i £5(6) =Span{[ 1 -1 —1]7}
11 4
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This matrix S has E-Vals(S) = {3,6}.

5{ 4 -1 1] £5(6) =Span{[ 1 -1 —1]7}

-1 4 1
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Applying Gram-Schmidt to the eigenspaces gives a spectral factorization.
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s | 1 _4 _1 Es(6) =Span{[(L -1 1)}

Applying Gram-Schmidt to the eigenspaces gives a spectral factorization.

u D u*
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Example
This matrix S has E-Vals(S) = {3,6}.
4 1 1 e a=[NV s E T
s_ | _1 _4 _1 Es(6) =Span{[(L -1 1)}

Applying Gram-Schmidt to the eigenspaces gives a spectral factorization.

u D

@B =

—1/y3
—1\3
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Example
This matrix S has E-Vals(S) = {3,6}.
v o= s Y]
. _‘1‘ _}1 _i £5(6) = Span{ [T=1=0)| "}
1 1 4| &@)=span{[@_0 1), [0 1 -1]7}
g =12 0 2]+
Applying Gram-Schmidt to the eigenspaces gives a spectral factorization.
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This matrix S has E-Vals(S) = {3,6}.
v o= s Y]
. _‘1‘ _}1 _i £5(6) = Span{ [T=1=0)| "}
1 1 a| &@)=span{[@_0 1) [0 1 —1]7}
g =12 0 2]+
Applying Gram-Schmidt to the eigenspaces gives a spectral factorization.
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S —
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Examples

Example
This matrix S has E-Vals(S) = {3,6}.
v o= s Y]
. _‘1‘ _}1 _i £5(6) = Span{ [T=1=0)| "}
1 1 a| &@)=span{[@_0 1) [0 1 —1]7}
g =12 0 2]+
Applying Gram-Schmidt to the eigenspaces gives a spectral factorization.

D

U U*
Ve GG E_— v 7%
| [e || 1

—1/\/3 0
— 13| 13
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This matrix S has E-Vals(S) = {3,6}.
4 1 1 T a= [Tlm ~jvz 3]t
s | -1 a4 1 Es(6) =Span{[(L -1 1)}
&s(3) = Span{|(@D)" [0 1 1]}

-1 1 4
q: = [ vz 0 1/v2 }TJ\
Applying Gram-Schmidt to the eigenspaces gives a spectral factorization.
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This matrix S has E-Vals(S) = {3,6}.
g a=[ s v i ]

5{ 4 -1 }] £5(6) = Span{ (=D '}
Es
4

~1 4
-1 1 3) = Span{[@0_1)]", [(0 1 U7
[1/\/2 0 1/v2 }TJ‘ q2:[1/\% 2//6 ,1’,'\3]T

Applying Gram-Schmidt to the eigenspaces gives a spectral factorization.
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This matrix S has E-Vals(S) = {3,6}.
e =3 s Y]

5{ + }] £5(6) = Span{ (IZL=D)] ')
&l

-1 4
11 . 3) = Span (T2 D) (@D
[1/v2 0 t/v2 }TJ‘ g, =[5 2 5]

Applying Gram-Schmidt to the eigenspaces gives a spectral factorization.

D U*

{ AT wj [@ ”wﬁ 7 wﬁji
5— )

-1yl o 2ve 172 0 1)
—- 3] vz -1
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This matrix S has E-Vals(S) = {3,6}.
e =3 s Y]

5{ + }] £5(6) = Span{ (IZL=D)] ')
&l

-1 4
11 . 3) = Span (T2 D) (@D
[1/v2 0 t/v2 }TJ‘ g, =[5 2 5]

Applying Gram-Schmidt to the eigenspaces gives a spectral factorization.
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This matrix S has E-Vals(S) = {3,6}.
e =3 s Y]

5{ + }] £5(6) = Span{ (IZL=D)] ')
&l

~1 4
~1 1 4 3)=Span{[(1_0 1), [(0 T 1)}
[z 0y "+ o= s s

Applying Gram-Schmidt to the eigenspaces gives a spectral factorization.

173 1/3@ 176 @D 13 —17\*/5 —1/V3]
S= { -3l o 2/«6} { ] {1/\/5 0 1/\/§ﬂ
— V3 vE| - 1E V6 2N6 —116)
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This matrix S has E-Vals(S) = {3,6}.

— real-symmetric! —a- U3 143 —13 }T

[
5{ e ‘W £5(6) = Span{ (IZL=D)] ')

-1 4 1
1 1 4 Es(3)=Span{|(T 0 1), (0 1T 1)}
q, = [ 1/\/§ 0 1/»@ }TJ‘ quziy\g 2//6 ,1’,'\3]T

Applying Gram-Schmidt to the eigenspaces gives a spectral factorization.

T @ | e
5{1/¢§ 0 2/«6“ ”Vﬁ Y Vﬁﬂ
e &) e 2e — 1)
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This matrix H has E-Vals(H) = {1,4}.
H—[ 3 1—i] En(l)=Span{[ 1 -1-i]"}
140 2 En(4)=Span{[ 2 1+i]"}
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Example
This matrix H has E-Vals(H) = {1,4}.
H—[ 3 1—i] En(l)=Span{[ 1 -1-i]"}
140 2 En(4)=Span{[ 2 1+i]"}

This gives the spectral factorization
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This matrix H has E-Vals(H) = {1,4}.
s a=[ C1-0aE T
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This gives the spectral factorization
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This matrix H has E-Vals(H) = {1,4}.
s a=[ C1-0aE T

H:[ 3 1_/] £n(1) = Span{[@ =1=0)"}

1+i 2 En(4) =Span{[ 2 14i]"}

This gives the spectral factorization
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Example
This matrix H has E-Vals(H) = {1,4}.
s a=[ C1-0aE T

H:[ 3 1_/] £n(1) = Span{[@ =1=0)"}

1+i 2 En(4) =Span{[ 2 14i]"}

This gives the spectral factorization

H D u*
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Spectral Factorizations

Examples

Example
This matrix H has E-Vals(H) = {1,4}.
s a=[ C1-0aE T

H:[ 3 1_/] £n(1) = Span{[@ =1=0)"}

1+i 2 En(4)=Span{[ 2 1+i]"}
This gives the spectral factorization
H D

[ 3 1_;]_ 77 H H(wg (5§+f)/¢§)J

147 2 (-1- )3
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Examples

Example
This matrix H has E-Vals(H) = {1,4}.
s a=[ C1-0aE T

b [ 3 11— ] 5/-/(1) = Span{[]T}
1+ 2 En(4) = Span{[@_TL1)|"}

o . - (2 0o
This gives the spectral factorization

2R ) | s

147 2 (-1- )3
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Examples

Example
This matrix H has E-Vals(H) = {1,4}.
s a=[ C1-0aE T

b [ 3 11— ] 5/-/(1) = Span{[]T}
1+ 2 En(4) = Span{[@_TL1)|"}

o . - (2 0o
This gives the spectral factorization

H U D U*
3 1-i]_ Ia) 26 USRS
1+i 2 | ||t-dp3]a+iive
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Examples

Example
This matrix H has E-Vals(H) = {1,4}.
s a=[ C1-0aE T

b [ 3 11— ] 5/-/(1) = Span{[]T}
1+ 2 En(4) = Span{[@_TL1)|"}

o . - (2 0o
This gives the spectral factorization

H U D U*
3 1—-i]_ I3[ 26 CEESEDYE)
1+i 2 | ((E1-dAB)C+)A6
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Examples

Example
This matrix H has E-Vals(H) = {1,4}.
s a=[ C1-0aE T

b [ 3 11— ] 5/-/(1) = Span{[]T}
1+ 2 En(4) = Span{[@_TL1)|"}

o . - (2 0o
This gives the spectral factorization

H u D u*
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Spectral Factorizations

Examples
Example
This matrix H has E-Vals(H) = {1,4}.
§— Hermitian —a=[ C1-dps T
o 31— En(1)=Span{[(X_-1-7)"}
1+i 2 £4(4) = Span{ (@D '}

Tt g, = { 26 (1+0)/\VE }T
This gives the spectral factorization

H u D u*
3 1-i7 1.3 2/\/6 I3 (-1+)//3
1+i 2 | S VVEY WSRING 26 (L-1)/\/6
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