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Part I
Statement

Theorem (The Spectral Theorem, Part I)

The eigenvalues of every Hermitian matrix H
this means H∗ = H

are real.

Proof.
Choose a unit vector v ∈ EH(λ)

Hv = λ · v and ⟨v , v⟩ = ∥v∥2 = 1

.

Then

λ = λ · ⟨v , v⟩ = ⟨v ,Hv⟩
= ⟨λ · v , v⟩ = ⟨v , λ · v⟩
= ⟨Hv , v⟩ = λ · ⟨v , v⟩
= ⟨v ,H∗v⟩ = λ

So λ = λ, which means λ ∈ R.
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Part I
Example

Example

The eigenvalues of each of these matrices are all real.

[
2 −9

− 9 5

]real-symmetric  − 8 1− 3 i −i
1 + 3 i 5 7 + i

i 7− i 9


Hermitian  17 22 4

22 −5 9
4 9 7


real-symmetric

Real-symmetric matrices are also Hermitian!
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Part II
Statement

Theorem (The Spectral Theorem, Part II)

The eigenspaces of a Hermitian matrix H are orthogonal to each other.

Proof.
Consider v1 ∈ EH(λ1)

Hv1 = λ1 · v1

and v2 ∈ EH(λ2)

Hv2 = λ2 · v2

where λ1 ̸= λ2.

Then

⟨v1, v2⟩ =
λ1 − λ2

λ1 − λ2
· ⟨v1, v2⟩ =

⟨Hv1, v2⟩ − ⟨H∗v1, v2⟩
λ1 − λ2

=
λ1 · ⟨v1, v2⟩ − λ2 · ⟨v1, v2⟩

λ1 − λ2
=

⟨Hv1, v2⟩ − ⟨Hv1, v2⟩
λ1 − λ2

=
⟨λ1 · v1, v2⟩ − ⟨v1, λ2 · v2⟩

λ1 − λ2
= 0

=
⟨λ1 · v1, v2⟩ − ⟨v1,Hv2⟩

λ1 − λ2

This demonstrates that EH(λ1) ⊥ EH(λ2).
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Part II
Example

Example

This matrix S has E-Vals(S) = {3, 6}.

S =

 4 −1 −1
− 1 4 1
− 1 1 4


real-symmetric!

ES(6) = Span{
[
1 −1 −1

]⊺}
ES(3) = Span{

[
1 0 1

]⊺
,
[
0 1 −1

]⊺}

Consider the following inner-products.

⟨
[
1 −1 −1

]⊺
,
[
1 0 1

]⊺⟩ = 0 ⟨
[
1 −1 −1

]⊺
,
[
0 1 −1

]⊺⟩ = 0

These calculations demonstrate that ES(3) ⊥ ES(6).
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This matrix H has E-Vals(H) = {1, 4}.
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