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Quadratic Forms
Definition

Definition
A quadratic form on Rn is an expression given by

q(x) = 〈x,Sx〉
x =

[
x1 x2 xn

]ᵀ real-symmetric Sᵀ = S

For example, consider

q(x , y) =
[

x y
]xᵀ [

3 −7
− 7 5

]S [
x
y

]x

= 3 x2 + 5 y2−14 xy

”square” term
”square” term

”cross” term
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Quadratic Forms
Definition

Example
q(x , y) = −16 x2 − 2 y2 + 5 xy

Example
q(x , y , z) = 5 x2 + y2 − z2 + 2 xy − xz + 7 yz

Example
q(x1, x2, x3, x4) = x2

1 + x2
2 − x2

4

Example
q(x , y) = x2 − y2 + 1 is not a quadratic form
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Quadratic Forms
Symmetric Representations

Theorem
For q(x1, x2, . . . , xn) =

∑
ci j · xixj define

S =


x1 x2 xn

x1 c11 c12/2 c1n/2

x2 c12/2 c22 c2n/2

xn c1n/2 c2n/2 cnn


Then S is real-symmetric and q(x) = 〈x,Sx〉.



Quadratic Forms
Symmetric Representations

Example
Consider the quadratic form given by

q(x1, x2, x3) = −6 x2
1−10 x1x2−10 x2

2+2 x1x3−6 x2x3+2 x2
3

Then q(x) = 〈x,Sx〉 where

S =


x1 x2 x3

x1

− 6 − 5 1

x2

− 5 − 10 − 3

x3

1 − 3 2


Quadratic forms and real-symmetric matrices are linked via this process.
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Quadratic Forms
Symmetric Representations

Example
Consider q(x) = 〈x,Dx〉 where D is diagonal.

D =

λ1
λ2

λ3

 q(x1, x2, x3) = λ1 x2
1 + λ2 x2

2 + λ3 x2
3

Diagonal quadratic forms have no “cross-terms.”
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Definiteness
Definitions

Definition
Quadratic forms are classified according to their values at x 6= O.

positive definite q(x) > 0

positive semidefinite q(x) ≥ 0
negative definite q(x) < 0

negative semidefinite q(x) ≤ 0
indefinite q(x) > 0 and q(x) < 0 (and possibly q(x) = 0)

These terms are also used to classify real-symmetric matrices.
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Definiteness
Definitions

Example
q(x , y) = x2 + y2

> 0

positive definite (also positive semidefinite)

Example
q(x , y) = x2 − y2 indefinite (q(1, 0) > 0 and q(0, 1) < 0)

Example
q(x , y) = x2 + 2 xy + y2

= (x + y)2 ≥ 0

positive semidefinite (not positive definite)
Example
q(x , y , z) = 9 x2 − 32 xy + 10 xz − 7y2 − 4 yz + z2

finding definiteness is hard!
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We can easily write 〈x,AᵀAx〉 as a sum of squares!



Definiteness
Gramians

Theorem
Every Gramian S = AᵀA satisfies

〈x,Sx〉 = 〈x,AᵀAx〉 =

〈Ax,Ax〉 = ‖Ax‖2 ≥ 0

Gramians are positive semidefinite!

can only = 0 if x ∈ Null(A)

The Gramian is positive definite if and only if A is full column rank.

‖Ax‖2 = (1st coord of Ax)2 + (2nd coord of Ax)2 + · · ·+ (last coord of Ax)2

〈1st row of A, x〉 〈2nd row of A, x〉 〈last row of A, x〉

We can easily write 〈x,AᵀAx〉 as a sum of squares!



Definiteness
Gramians

Theorem
Every Gramian S = AᵀA satisfies

〈x,Sx〉 = 〈x,AᵀAx〉 = 〈Ax,Ax〉 =

‖Ax‖2 ≥ 0

Gramians are positive semidefinite!

can only = 0 if x ∈ Null(A)

The Gramian is positive definite if and only if A is full column rank.

‖Ax‖2 = (1st coord of Ax)2 + (2nd coord of Ax)2 + · · ·+ (last coord of Ax)2

〈1st row of A, x〉 〈2nd row of A, x〉 〈last row of A, x〉

We can easily write 〈x,AᵀAx〉 as a sum of squares!



Definiteness
Gramians

Theorem
Every Gramian S = AᵀA satisfies

〈x,Sx〉 = 〈x,AᵀAx〉 = 〈Ax,Ax〉 = ‖Ax‖2

≥ 0

Gramians are positive semidefinite!

can only = 0 if x ∈ Null(A)

The Gramian is positive definite if and only if A is full column rank.

‖Ax‖2 = (1st coord of Ax)2 + (2nd coord of Ax)2 + · · ·+ (last coord of Ax)2

〈1st row of A, x〉 〈2nd row of A, x〉 〈last row of A, x〉

We can easily write 〈x,AᵀAx〉 as a sum of squares!



Definiteness
Gramians

Theorem
Every Gramian S = AᵀA satisfies

〈x,Sx〉 = 〈x,AᵀAx〉 = 〈Ax,Ax〉 = ‖Ax‖2 ≥ 0
Gramians are positive semidefinite!

can only = 0 if x ∈ Null(A)

The Gramian is positive definite if and only if A is full column rank.

‖Ax‖2 = (1st coord of Ax)2 + (2nd coord of Ax)2 + · · ·+ (last coord of Ax)2

〈1st row of A, x〉 〈2nd row of A, x〉 〈last row of A, x〉

We can easily write 〈x,AᵀAx〉 as a sum of squares!



Definiteness
Gramians

Theorem
Every Gramian S = AᵀA satisfies

〈x,Sx〉 = 〈x,AᵀAx〉 = 〈Ax,Ax〉 = ‖Ax‖2 ≥ 0
Gramians are positive semidefinite!

can only = 0 if x ∈ Null(A)

The Gramian is positive definite if and only if A is full column rank.

‖Ax‖2 = (1st coord of Ax)2 + (2nd coord of Ax)2 + · · ·+ (last coord of Ax)2

〈1st row of A, x〉 〈2nd row of A, x〉 〈last row of A, x〉

We can easily write 〈x,AᵀAx〉 as a sum of squares!



Definiteness
Gramians

Theorem
Every Gramian S = AᵀA satisfies

〈x,Sx〉 = 〈x,AᵀAx〉 = 〈Ax,Ax〉 = ‖Ax‖2 ≥ 0
Gramians are positive semidefinite!

can only = 0 if x ∈ Null(A)

The Gramian is positive definite if and only if A is full column rank.

‖Ax‖2 = (1st coord of Ax)2 + (2nd coord of Ax)2 + · · ·+ (last coord of Ax)2

〈1st row of A, x〉 〈2nd row of A, x〉 〈last row of A, x〉

We can easily write 〈x,AᵀAx〉 as a sum of squares!



Definiteness
Gramians

Theorem
Every Gramian S = AᵀA satisfies

〈x,Sx〉 = 〈x,AᵀAx〉 = 〈Ax,Ax〉 = ‖Ax‖2 ≥ 0
Gramians are positive semidefinite!

can only = 0 if x ∈ Null(A)

The Gramian is positive definite if and only if A is full column rank.

‖Ax‖2 = (1st coord of Ax)2 + (2nd coord of Ax)2 + · · ·+ (last coord of Ax)2

〈1st row of A, x〉 〈2nd row of A, x〉 〈last row of A, x〉

We can easily write 〈x,AᵀAx〉 as a sum of squares!



Definiteness
Gramians

Theorem
Every Gramian S = AᵀA satisfies

〈x,Sx〉 = 〈x,AᵀAx〉 = 〈Ax,Ax〉 = ‖Ax‖2 ≥ 0
Gramians are positive semidefinite!

can only = 0 if x ∈ Null(A)

The Gramian is positive definite if and only if A is full column rank.

‖Ax‖2 = (1st coord of Ax)2 + (2nd coord of Ax)2 + · · ·+ (last coord of Ax)2

〈1st row of A, x〉 〈2nd row of A, x〉 〈last row of A, x〉

We can easily write 〈x,AᵀAx〉 as a sum of squares!



Definiteness
Gramians

Theorem
Every Gramian S = AᵀA satisfies

〈x,Sx〉 = 〈x,AᵀAx〉 = 〈Ax,Ax〉 = ‖Ax‖2 ≥ 0
Gramians are positive semidefinite!

can only = 0 if x ∈ Null(A)

The Gramian is positive definite if and only if A is full column rank.

‖Ax‖2 = (1st coord of Ax)2 + (2nd coord of Ax)2 + · · ·+ (last coord of Ax)2

〈1st row of A, x〉 〈2nd row of A, x〉 〈last row of A, x〉

We can easily write 〈x,AᵀAx〉 as a sum of squares!



Definiteness
Gramians

Theorem
Every Gramian S = AᵀA satisfies

〈x,Sx〉 = 〈x,AᵀAx〉 = 〈Ax,Ax〉 = ‖Ax‖2 ≥ 0
Gramians are positive semidefinite!

can only = 0 if x ∈ Null(A)

The Gramian is positive definite if and only if A is full column rank.

‖Ax‖2 = (1st coord of Ax)2 + (2nd coord of Ax)2 + · · ·+ (last coord of Ax)2

〈1st row of A, x〉 〈2nd row of A, x〉 〈last row of A, x〉

We can easily write 〈x,AᵀAx〉 as a sum of squares!



Definiteness
Gramians

Theorem
Every Gramian S = AᵀA satisfies

〈x,Sx〉 = 〈x,AᵀAx〉 = 〈Ax,Ax〉 = ‖Ax‖2 ≥ 0
Gramians are positive semidefinite!

can only = 0 if x ∈ Null(A)

The Gramian is positive definite if and only if A is full column rank.

‖Ax‖2 = (1st coord of Ax)2 + (2nd coord of Ax)2 + · · ·+ (last coord of Ax)2

〈1st row of A, x〉 〈2nd row of A, x〉 〈last row of A, x〉

We can easily write 〈x,AᵀAx〉 as a sum of squares!



Definiteness
Gramians

Theorem
Every Gramian S = AᵀA satisfies

〈x,Sx〉 = 〈x,AᵀAx〉 = 〈Ax,Ax〉 = ‖Ax‖2 ≥ 0
Gramians are positive semidefinite!

can only = 0 if x ∈ Null(A)

The Gramian is positive definite if and only if A is full column rank.

‖Ax‖2 = (1st coord of Ax)2 + (2nd coord of Ax)2 + · · ·+ (last coord of Ax)2

〈1st row of A, x〉 〈2nd row of A, x〉 〈last row of A, x〉

We can easily write 〈x,AᵀAx〉 as a sum of squares!



Definiteness
Gramians

Example
Let q(x) = 〈x,Sx〉 where 13 −1 39

−1 74 −3
39 −3 117


S

=

 3 2
− 5 7

9 6


Aᵀ [

3 −5 9
2 7 6

]A
[

3 −5 9
2 7 6

] x
y
z

 =

[
3 x − 5 y + 9 z
2 x + 7 y + 6 z

]

rank(A) = 2

Our quadratic form is positive semidefinite and may be written as

q(x , y , z) = (3 x − 5 y + 9 z)2 + (2 x + 7 y + 6 z)2 ≥ 0
‖Ax‖2

This Gramian is not positive definite because A is not full column rank.
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Completing the Square
Method

Definition
Consider a spectral factorization S = UDUᵀ so that

q(x) = 〈x,Sx〉
=

〈x,UDUᵀx〉
= 〈Uᵀx,DUᵀx〉
= 〈y ,Dy〉
= λ1 y2

1 + λ2 y2
2 + · · ·+ λn y2

n

define y = Uᵀx

This method is called completing the square.
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To complete the square, we write

q(x) = 6 y1
2 + 3 y2

2 + 0 y3
2

=

6
{

1√
2
· (x1 − x2)

}2
+ 3

{
1√
3
· (x1 + x2 + x3)

}2

= 3 (x1 − x2)
2 + (x1 + x2 + x3)

2

y1=
1√
2
x1− 1√

2
x2y2=
1√
3 x1+

1√
3 x2+

1√
3 x3y3=

1√
6 x1+

1√
6 x2− 2√

6 x3
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Eigenvalues
Definiteness

Theorem
Suppose we complete the square to write

q(x) = λ1 y2
1 + λ2 y2

2 + · · ·+ λn y2
n

eigenvalues control definiteness

The signs of the eigenvalues determine the definiteness.
positive definite eigenvalues > 0

positive semidefinite eigenvalues ≥ 0
negative definite eigenvalues < 0

negative semidefinite eigenvalues ≤ 0
indefinite eigenvalues > 0 and < 0 (and possibly = 0)
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Eigenvalues
Example

Example
Consider q(x) = 〈x,Sx〉 where

S =

 − 2 1 −1
1 −5 −4

− 1 −4 −5


χS(t) = t · (t + 3) · (t + 9)

q(x) = −2 x2 + 2 xy − 2xz − 5y2 − 8 yz − 5z2

The quadratic form is negative semidefinite (not negative definite).
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