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q(x,y) = —16x2 —2y? + 5xy
Example

q(x,y,2) =5x>+y? =22 +2xy —xz+Tyz

Example

_ 2 2 2
q(Xl)X27X37X4) - X1 +X2 — X4

Example
qa(x,y) = x? — y2 + 1 is not a quadratic form
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Theorem
For q(x1,x2,...,%n) = >_ Cjj - Xixj define
Xl X2 ........ Xn
Xl C]_l C12/2 ...... C1n/2
X2 C12/2 C22 ...... C2”/2

S=: :
Xn Clr;/2 Cnfa.

Then S is real-symmetric and q(x) = (x, 5x).
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Quadratic forms and real-symmetric matrices are linked via this process.
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Quadratic Forms

Symmetric Representations

Example
Consider g(x) = (x, Dx) where D is diagonal.

A1
D = A2 q(x1, %2, %3) = M xp + Ao xg + A3 x5
A3

Diagonal quadratic forms have no “cross-terms.”
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Definition
Quadratic forms are classified according to their values at x # O.
positive definite g(x) > 0
positive semidefinite g(x) > 0
negative definite g(x) <0
negative semidefinite g(x) <0
g(x) > 0 and g(x) < 0 (and possibly g(x) = 0)
These terms are also used to classify real-symmetric matrices.

indefinite
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Example
a(x,y) =x*+y* > 0

tpositive definite (also positive semidefinite)
Example

q(x,y) = x? — y®4indefinite (q(1,0) > 0 and q(0,1) < 0)

Example
glx,y) =x*+2xy +y> =(x+y)* >0

Lpositive semidefinite (not positive definite)
Example
q(x,y,2) =9x2 —32xy + 10xz — Ty2 —byz + 72

finding definiteness is hard!
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Definiteness

Gramians

Theorem
Every Gramian S = ATA satisfies
can only = 0 if x € Null(A)
(x,Sx) = (x, ATAx) = (Ax, Ax) = ||Ax||*> > 0
Gramians are positive semidefinite! =4

The Gramian is positive definite if and only if A is full column rank.

||AX||2 = (1st coord of Ax)2 —+ (2nd coord of Ax)2 + -+ (Iast coord of Ax)2
(1st row of A, x) - (2nd row of A, x) S (last row of A, x) -

We can easily write (x, ATAx) as a sum of squares!
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Our quadratic form is positive semidefinite and may be written as
q(x,y,z) =
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Example
Let g(x) = (x, Sx) where
S

359
276

T~ rank(A
Our quadratic form is positive semidefinite and may be written as

IIAXII2

This Gramian is not positive definite because A is not full column rank

3 —5y+9z
2 x+7y+62

‘]
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Completing the Square
Method

Definition
Consider a spectral factorization S = UDUT so that

q(x) =

/\1y1 +)\2Y2 o A y2

This method is called completing the square.
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S

1/\/5 17\/§
et

= NS

2 1
4 1
11

D

1/v&] [6
1/\/6 3
0 V3 —2\6 0

1/\/5
1/\/5

uT

1/\/5 1/\/3
1/\/5 _2/\/5

vz —1/\2 0]
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Consider the spectral factorization

S D uT

4 -2 1 1/v2 17«5 1/v6] [6 vz —1/\2 0
{2 4 1]{1A6 13 IA@]{ 3 ] NI NI Ve
1 11 0

0 Vi e IV6 VG 2/

To complete the square, we write

q(x) = 6y1% + 3 y5% + 0y3°
L}’liﬁxl—%@
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Consider the spectral factorization

S D ut

4 -2 1 lhﬁlzﬁ 1/ve] [6 [1/v2 —1/v2 0]
{2 4 1]{1A6 V3 IA@]{ 3 ] V3 YNV3 N3
1 11 0

0 Vi e (N6 Ve —2/ve)

To complete the square, we write

q(x) = 612 +3y,% +0y3°
)’ZZ%XI"F%XZ"F%XB
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Consider the spectral factorization

S D ut

4 -2 1 1/va 17¢§ 1/v6] [6 [1/va —1/va 0]
{2 4 1] = {1/\/5 13 Wa” 3 ] vz N3 L3
1 11 0

IRVERENG s Ve Ve

To complete the square, we write

q(x) :6y12+3y22+0y32
=L xq+Lxp—2Zx
Y= 8T 8T 8
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Example

Consider the spectral factorization
s U D ut
4 -2 1 va 13 1/vE] [6 va —1a 0
—2 4 1| =|-12 1\3 1k 3 13 13 13
1 11 0 1/v3 —2/V6 0] [t/V6 16 —2/V6
To complete the square, we write

q(x) = 6)/12 + 3)/22 + 0y32

S ) T £ )

=3(x1 — x)? + (x1 + x2 4 x3)?
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Eigenvalues

Definiteness

Theorem

Suppose we complete the square to write

ﬂﬂ=¥ﬁ+¥ﬁ+m+@ﬁ

eigenvalues control definiteness

The signs of the eigenvalues determine the definiteness.

positive definite
positive semidefinite
negative definite
negative semidefinite

indefinite

eigenvalues > 0
eigenvalues > 0
eigenvalues < 0
eigenvalues < 0

eigenvalues > 0 and < 0 (and possibly = 0)
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Eigenvalues
Example

Example

Consider g(x) = (x, Sx) where

S =

T xs(t) =t (t+3)-(t+9)

The quadratic form is negative semidefinite (not negative definite).

q(x) = —2x> +2xy —2xz — 5y? —8yz —

522
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