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Geometric Motivation
Projecting to z-Axis

Question
What is the projection Pv of v onto the z-axis?

x

y

z

v

=
[v1v2v3

]

Pv

P0 0 0
0 0 0
0 0 1


vv1
v2
v3

 =

 0
0
v3



This projection is obtained with multiplication by a matrix P .
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Projection Formula
Derivation

Question
What is the projection Pv of v onto V ⊂ Rn?

V

=Span{v1,...,vd}

define X =
[
v1 vd

]
so V = Col(X)

v − X x̂ ⊥ Col(X)
Xᵀ(v − X x̂) = O
x̂ = (XᵀX)−1Xᵀv

Pv

=X x̂

v

Pv ∈ V = Col(X) so Pv = X x̂

We can use P = X(XᵀX)−1Xᵀ to project v onto V .
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Projection Formula
Example

Example
Consider V = Span

{[
−2 −3 2

]ᵀ
,
[

3 4 −3
]ᵀ}.

 − 2 3
− 3 4

2 −3


X

rref

[
17 −24 1 0

− 24 34 0 1

]XᵀX

=

[
1 0 17 12
0 1 12 17/2

](XᵀX)−1

The projection matrix onto V is

1/2 0 − 1/2

0 1 0
− 1/2 0 1/2


PV

=

 − 2 3
− 3 4

2 −3


X [

17 12
12 17/2

](XᵀX)−1 [
− 2 −3 2

3 4 −3

]Xᵀ
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Properties
General Properties

Theorem
Projection matrices are symmetric and idempotent.

Pᵀ = P
P Symmetric

P2 = P

P Idempotent

Projection matrices offer a classification of vectors.

v ∈ V means Pv = v v ∈ V⊥ means Pv = O

Projection matrices are dimension-conscious.

trace(P) = dim(V )
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Properties
General Properties

Example
Consider the following data.

A =

[
7 44 119 164
5 26 72 102

−2 −8 −23 −34
2 13 35 48

]
rank(A)=3

PCol(A) =

[
6/7 1/7 1/7 2/7
1/7 6/7 −1/7 −2/7
1/7 −1/7 6/7 −2/7
2/7 −2/7 −2/7 3/7

]
dimCol(A)=trace(P)=3

Whether of not v ∈ Col(A) hinges on whether or not Pv = v .[
6/7 1/7 1/7 2/7
1/7 6/7 −1/7 −2/7
1/7 −1/7 6/7 −2/7
2/7 −2/7 −2/7 3/7

]PCol(A) [−1
6
5

−6

]v1

=

[−1
6
5

−6

]Pv1=v1 [
6/7 1/7 1/7 2/7
1/7 6/7 −1/7 −2/7
1/7 −1/7 6/7 −2/7
2/7 −2/7 −2/7 3/7

]PCol(A) [ 4
−7
−5

1

]v2

=

[ 2
−5
−3

5

]Pv2 6=v2

Here, v1 ∈ Col(A) and v2 /∈ Col(A)
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Properties
Eigendata

Theorem
The projection matrix P onto V has E-Vals(P) = {1, 0} with eigenspaces

EP(1) = V
v ∈ V ⇔ Pv = 1 · v

EP(0) = V⊥

v ∈ V⊥ ⇔ Pv = O = 0 · v

Consequently, for V ⊂ Rn the geometric multiplicities are

gmP(1) = dim(V ) gmP(0) = dim(V⊥) = n − dim(V )
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Orthogonality
Dimension One

Observation
Suppose V is one-dimensional so V = Span{v1}.

V
v 1

PV = v1(vᵀ
1v1)

−1vᵀ
1

=
1

‖v1‖2 v1vᵀ
1

vᵀ
1 v1=〈v1,v1〉=‖v1‖2

For example, consider V = Span
{[

2 −1 2 −1
]

v1

ᵀ}.

PV =
1
10


4 −2 4 −2

− 2 1 −2 1
4 −2 4 −2

− 2 1 −2 1


‖v1‖2=10

v1vᵀ
1=

[
2

−1
2

−1

]
[2 −1 2 −1]

Projecting when dim(V ) = 1 is not so bad!
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
‖v1‖2=10

v1vᵀ
1=

[
2

−1
2

−1

]
[2 −1 2 −1]

Projecting when dim(V ) = 1 is not so bad!
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Orthogonality
Formula

Problem
Suppose dim(V ) = d and consider the projection formula

PV = X(XᵀX)−1Xᵀ

Need to invert this d × d Gramian!

When dim(V ) is large, this problem is difficult and annoying.

Useful Idea
Every vector space V ⊂ Rn satisfies

dim(V ) + dim(V⊥) = n

Large spaces have small orthogonal complements.
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Orthogonality
Formula

Theorem
PV + PV⊥ = In

Advantage
To project onto V , we can use

PV v = (In − PV⊥)v = v − PV⊥v

When V is “big” it is easier to project onto V⊥.
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Orthogonality
Formula

Example
Let’s project v =

[
4 5 14 1

]ᵀ onto V ⊂ R4 where

V = Span{[1 −1 −1 1]ᵀ, [1 0 −2 3]ᵀ, [−1 7 −2 2]ᵀ}
dim(V )=3

V⊥ = Span{[3 1 3 1]ᵀ}
dim(V⊥)=4−3=1

v1

Here, it is easier to start by projecting onto V⊥.

1
20

[
9 3 9 3
3 1 3 1
9 3 9 3
3 1 3 1

]v1vᵀ
1 [ 4

5
14
1

]v

=

[
9
3
9
3

]PV⊥v

‖v1‖2=20

The projection of v onto V is then[
−5 2 5 −2

]
PV v

ᵀ
=

[
4 5 14 1

]
v

ᵀ −
[

9 3 9 3
]

PV⊥v

ᵀ



Orthogonality
Formula

Example
Let’s project v =

[
4 5 14 1

]ᵀ onto V ⊂ R4 where

V = Span{[1 −1 −1 1]ᵀ, [1 0 −2 3]ᵀ, [−1 7 −2 2]ᵀ}
dim(V )=3

V⊥ = Span{[3 1 3 1]ᵀ}
dim(V⊥)=4−3=1

v1

Here, it is easier to start by projecting onto V⊥.

1
20

[
9 3 9 3
3 1 3 1
9 3 9 3
3 1 3 1

]v1vᵀ
1 [ 4

5
14
1

]v

=

[
9
3
9
3

]PV⊥v

‖v1‖2=20

The projection of v onto V is then[
−5 2 5 −2

]
PV v

ᵀ
=

[
4 5 14 1

]
v

ᵀ −
[

9 3 9 3
]

PV⊥v

ᵀ



Orthogonality
Formula

Example
Let’s project v =

[
4 5 14 1

]ᵀ onto V ⊂ R4 where

V = Span{[1 −1 −1 1]ᵀ, [1 0 −2 3]ᵀ, [−1 7 −2 2]ᵀ}
dim(V )=3

V⊥ = Span{[3 1 3 1]ᵀ}
dim(V⊥)=4−3=1

v1

Here, it is easier to start by projecting onto V⊥.

1
20

[
9 3 9 3
3 1 3 1
9 3 9 3
3 1 3 1

]v1vᵀ
1 [ 4

5
14
1

]v

=

[
9
3
9
3

]PV⊥v

‖v1‖2=20

The projection of v onto V is then[
−5 2 5 −2

]
PV v

ᵀ
=

[
4 5 14 1

]
v

ᵀ −
[

9 3 9 3
]

PV⊥v

ᵀ



Orthogonality
Formula

Example
Let’s project v =

[
4 5 14 1

]ᵀ onto V ⊂ R4 where

V = Span{[1 −1 −1 1]ᵀ, [1 0 −2 3]ᵀ, [−1 7 −2 2]ᵀ}
dim(V )=3

V⊥ = Span{[3 1 3 1]ᵀ}
dim(V⊥)=4−3=1

v1

Here, it is easier to start by projecting onto V⊥.

1
20

[
9 3 9 3
3 1 3 1
9 3 9 3
3 1 3 1

]v1vᵀ
1 [ 4

5
14
1

]v

=

[
9
3
9
3

]PV⊥v

‖v1‖2=20

The projection of v onto V is then[
−5 2 5 −2

]
PV v

ᵀ
=

[
4 5 14 1

]
v

ᵀ −
[

9 3 9 3
]

PV⊥v

ᵀ



Orthogonality
Formula

Example
Let’s project v =

[
4 5 14 1

]ᵀ onto V ⊂ R4 where

V = Span{[1 −1 −1 1]ᵀ, [1 0 −2 3]ᵀ, [−1 7 −2 2]ᵀ}
dim(V )=3

V⊥ = Span{[3 1 3 1]ᵀ}
dim(V⊥)=4−3=1

v1

Here, it is easier to start by projecting onto V⊥.

1
20

[
9 3 9 3
3 1 3 1
9 3 9 3
3 1 3 1

]v1vᵀ
1 [ 4

5
14
1

]v

=

[
9
3
9
3

]PV⊥v

‖v1‖2=20

The projection of v onto V is then[
−5 2 5 −2

]
PV v

ᵀ
=

[
4 5 14 1

]
v

ᵀ −
[

9 3 9 3
]

PV⊥v

ᵀ



Orthogonality
Formula

Example
Let’s project v =

[
4 5 14 1

]ᵀ onto V ⊂ R4 where

V = Span{[1 −1 −1 1]ᵀ, [1 0 −2 3]ᵀ, [−1 7 −2 2]ᵀ}
dim(V )=3

V⊥ = Span{[3 1 3 1]ᵀ}
dim(V⊥)=4−3=1

v1

Here, it is easier to start by projecting onto V⊥.

1
20

[
9 3 9 3
3 1 3 1
9 3 9 3
3 1 3 1

]v1vᵀ
1 [ 4

5
14
1

]v

=

[
9
3
9
3

]PV⊥v

‖v1‖2=20

The projection of v onto V is then[
−5 2 5 −2

]
PV v

ᵀ
=

[
4 5 14 1

]
v

ᵀ −
[

9 3 9 3
]

PV⊥v

ᵀ



Orthogonality
Formula

Example
Let’s project v =

[
4 5 14 1

]ᵀ onto V ⊂ R4 where

V = Span{[1 −1 −1 1]ᵀ, [1 0 −2 3]ᵀ, [−1 7 −2 2]ᵀ}
dim(V )=3

V⊥ = Span{[3 1 3 1]ᵀ}
dim(V⊥)=4−3=1

v1

Here, it is easier to start by projecting onto V⊥.

1
20

[
9 3 9 3
3 1 3 1
9 3 9 3
3 1 3 1

]v1vᵀ
1 [ 4

5
14
1

]v

=

[
9
3
9
3

]PV⊥v

‖v1‖2=20

The projection of v onto V is then[
−5 2 5 −2

]
PV v

ᵀ
=

[
4 5 14 1

]
v

ᵀ −
[

9 3 9 3
]

PV⊥v

ᵀ



Orthogonality
Formula

Example
Let’s project v =

[
4 5 14 1

]ᵀ onto V ⊂ R4 where

V = Span{[1 −1 −1 1]ᵀ, [1 0 −2 3]ᵀ, [−1 7 −2 2]ᵀ}
dim(V )=3

V⊥ = Span{[3 1 3 1]ᵀ}
dim(V⊥)=4−3=1

v1

Here, it is easier to start by projecting onto V⊥.

1
20

[
9 3 9 3
3 1 3 1
9 3 9 3
3 1 3 1

]v1vᵀ
1 [ 4

5
14
1

]v

=

[
9
3
9
3

]PV⊥v

‖v1‖2=20

The projection of v onto V is then[
−5 2 5 −2

]
PV v

ᵀ
=

[
4 5 14 1

]
v

ᵀ −
[

9 3 9 3
]

PV⊥v

ᵀ



Orthogonality
Formula

Example
Let’s project v =

[
4 5 14 1

]ᵀ onto V ⊂ R4 where

V = Span{[1 −1 −1 1]ᵀ, [1 0 −2 3]ᵀ, [−1 7 −2 2]ᵀ}
dim(V )=3

V⊥ = Span{[3 1 3 1]ᵀ}
dim(V⊥)=4−3=1

v1

Here, it is easier to start by projecting onto V⊥.

1
20

[
9 3 9 3
3 1 3 1
9 3 9 3
3 1 3 1

]v1vᵀ
1 [ 4

5
14
1

]v

=

[
9
3
9
3

]PV⊥v

‖v1‖2=20

The projection of v onto V is then[
−5 2 5 −2

]
PV v

ᵀ
=

[
4 5 14 1

]
v

ᵀ −
[

9 3 9 3
]

PV⊥v

ᵀ



Orthogonality
Formula

Example
Let’s project v =

[
4 5 14 1

]ᵀ onto V ⊂ R4 where

V = Span{[1 −1 −1 1]ᵀ, [1 0 −2 3]ᵀ, [−1 7 −2 2]ᵀ}
dim(V )=3

V⊥ = Span{[3 1 3 1]ᵀ}
dim(V⊥)=4−3=1

v1

Here, it is easier to start by projecting onto V⊥.

1
20

[
9 3 9 3
3 1 3 1
9 3 9 3
3 1 3 1

]v1vᵀ
1 [ 4

5
14
1

]v

=

[
9
3
9
3

]PV⊥v

‖v1‖2=20

The projection of v onto V is then[
−5 2 5 −2

]
PV v

ᵀ
=

[
4 5 14 1

]
v

ᵀ −
[

9 3 9 3
]

PV⊥v

ᵀ



Orthogonality
Formula

Example
Let’s project v =

[
4 5 14 1

]ᵀ onto V ⊂ R4 where

V = Span{[1 −1 −1 1]ᵀ, [1 0 −2 3]ᵀ, [−1 7 −2 2]ᵀ}
dim(V )=3

V⊥ = Span{[3 1 3 1]ᵀ}
dim(V⊥)=4−3=1

v1

Here, it is easier to start by projecting onto V⊥.

1
20

[
9 3 9 3
3 1 3 1
9 3 9 3
3 1 3 1

]v1vᵀ
1 [ 4

5
14
1

]v

=

[
9
3
9
3

]PV⊥v

‖v1‖2=20

The projection of v onto V is then[
−5 2 5 −2

]
PV v

ᵀ
=

[
4 5 14 1

]
v

ᵀ −
[

9 3 9 3
]

PV⊥v

ᵀ



Orthogonality
Formula

Example
Let’s project v =

[
4 5 14 1

]ᵀ onto V ⊂ R4 where

V = Span{[1 −1 −1 1]ᵀ, [1 0 −2 3]ᵀ, [−1 7 −2 2]ᵀ}
dim(V )=3

V⊥ = Span{[3 1 3 1]ᵀ}
dim(V⊥)=4−3=1

v1

Here, it is easier to start by projecting onto V⊥.

1
20

[
9 3 9 3
3 1 3 1
9 3 9 3
3 1 3 1

]v1vᵀ
1 [ 4

5
14
1

]v

=

[
9
3
9
3

]PV⊥v

‖v1‖2=20

The projection of v onto V is then[
−5 2 5 −2

]
PV v

ᵀ
=

[
4 5 14 1

]
v

ᵀ −
[

9 3 9 3
]

PV⊥v

ᵀ



Orthogonality
Formula

Example
Let’s project v =

[
4 5 14 1

]ᵀ onto V ⊂ R4 where

V = Span{[1 −1 −1 1]ᵀ, [1 0 −2 3]ᵀ, [−1 7 −2 2]ᵀ}
dim(V )=3

V⊥ = Span{[3 1 3 1]ᵀ}
dim(V⊥)=4−3=1

v1

Here, it is easier to start by projecting onto V⊥.

1
20

[
9 3 9 3
3 1 3 1
9 3 9 3
3 1 3 1

]v1vᵀ
1 [ 4

5
14
1

]v

=

[
9
3
9
3

]PV⊥v

‖v1‖2=20

The projection of v onto V is then[
−5 2 5 −2

]
PV v

ᵀ
=

[
4 5 14 1

]
v

ᵀ −
[

9 3 9 3
]

PV⊥v

ᵀ



Orthogonality
Formula

Example
Let’s project v =

[
4 5 14 1

]ᵀ onto V ⊂ R4 where

V = Span{[1 −1 −1 1]ᵀ, [1 0 −2 3]ᵀ, [−1 7 −2 2]ᵀ}
dim(V )=3

V⊥ = Span{[3 1 3 1]ᵀ}
dim(V⊥)=4−3=1

v1

Here, it is easier to start by projecting onto V⊥.

1
20

[
9 3 9 3
3 1 3 1
9 3 9 3
3 1 3 1

]v1vᵀ
1 [ 4

5
14
1

]v

=

[
9
3
9
3

]PV⊥v

‖v1‖2=20

The projection of v onto V is then[
−5 2 5 −2

]
PV v

ᵀ
=

[
4 5 14 1

]
v

ᵀ −
[

9 3 9 3
]

PV⊥v

ᵀ



Orthogonality
Formula

Example
Let’s project v =

[
4 5 14 1

]ᵀ onto V ⊂ R4 where

V = Span{[1 −1 −1 1]ᵀ, [1 0 −2 3]ᵀ, [−1 7 −2 2]ᵀ}
dim(V )=3

V⊥ = Span{[3 1 3 1]ᵀ}
dim(V⊥)=4−3=1

v1

Here, it is easier to start by projecting onto V⊥.

1
20

[
9 3 9 3
3 1 3 1
9 3 9 3
3 1 3 1

]v1vᵀ
1 [ 4

5
14
1

]v

=

[
9
3
9
3

]PV⊥v

‖v1‖2=20

The projection of v onto V is then[
−5 2 5 −2

]
PV v

ᵀ
=

[
4 5 14 1

]
v

ᵀ −
[

9 3 9 3
]

PV⊥v

ᵀ


	Geometric Motivation
	Projecting to z-Axis
	Projecting to xy-Plane

	Projection Formula
	Derivation
	Example

	Properties
	General Properties
	Eigendata

	Orthogonality
	Dimension One
	Formula


