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Polynomials
Definitions

Definition
A polynomial in a variable t is an expression f (t) of the form

f (t) = cn t
n + cn−1 t

n−1 + · · ·+ c1 t + c0
“leading coefficient” cn ̸= 0

“degree” is the largest exponent

“constant coefficient”

We call f (t) monic if cn = 1.
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Polynomials
Definitions

Example (Quadratic, deg = 2)

f (t) = t2 − 2 t + 3
monic c2 = 1

Example (Cubic, deg = 3)

f (t) = −5 t3 + 6 t2 − t + 5

not monic c3 = −5

Example (Quartic, deg = 4)

f (t) = 7 t4 + 3 t2 − t
not monic c4 = 7

Example (Quintic, deg = 5)

f (t) = t5 + t4 + t3 + t2 + t + 1
monic c5 = 1
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Polynomials
Definitions

Definition
We write f ∈ R[t] if the coefficients are in R and f ∈ C[t] if they are in C.

f (t) = 2 t2 + 7 t − 5

f ∈ R[t] and f ∈ C[t]

g(t) = t2 + (6− 4 i) t − (1 + i)

g /∈ R[t] but g ∈ C[t]

Polynomials f ∈ R[t] satisfy f (t) = f (t).
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Roots

Definition
A root of a polynomial f (t) is a scalar r satisfying f (r) = 0.

f (t) = t3 − 2 t2 + t − 2

f (i) = 0
r = i root

f (1) = −2
r = 1 not a root

f (2) = 0
r = 2 root

Every root is complex, but some roots are not real.
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Polynomials
Roots

Theorem
Suppose that r is a root of f ∈ R[t]. Then r is also a root.

Proof.
f (r) = f (r) = 0 = 0
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Fundamental Theorem of Algebra
Statement

Theorem (The Fundamental Theorem of Algebra)

Every monic polynomial uniquely factors as

f (t) = (t − r1)
m1 · (t − r2)

m2 · · · (t − rk)
mk

where r1, r2, . . . , rk ∈ C are distinct roots and

deg(f ) = m1 +m2 + · · ·+mk

The number mj is called the multiplicity of rj as a root of f .



Fundamental Theorem of Algebra
Statement

Example

Consider the factorization

f (t) = (t + 2− 3 i)3 · (t + 2 + 3 i)3 · (t + 7)4

r1=−2+3 i r2=−2−3 i r3=−7

deg(f )=3+3+4=10

Here, deg(f ) = 10 with roots of multiplicities m1 = m2 = 3 and m3 = 4.
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Fundamental Theorem of Algebra
Formulas

Theorem (The Quadratic Formula)

a t2 + b t + c = a ·

(
t − −b −

√
b2 − 4 ac

2 a

)
·

(
t − −b +

√
b2 − 4 ac

2 a

)



Fundamental Theorem of Algebra
Formulas

Example

Consider the factorization

−2 t2 + 8 t − 10 = −2 · (t − (2 + i)) · (t − (2− i))

r1=
−8−

√
82−4(−2)(−10)
2 (−2)

r2=
−8+

√
82−4(−2)(−10)
2 (−2)

Note that the roots are related by conjugation r2 = r1.
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Fundamental Theorem of Algebra
Formulas

Theorem (Cubic Formula)

There is a cubic formula.

Theorem (Quartic Formula)

There is a quartic formula.

Theorem (Abel, 1824)

There is no quintic formula.
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Vieta’s Formulas
Statement

Example

Suppose we factor a general quadratic.

t2 + c1 t + c0 = (t − r1) · (t − r2) = t2−(r1 + r2) t + r1 · r2

c1=−(r1+r2)

c0=r1·r2

The roots are related to the coefficients!
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Vieta’s Formulas
Statement

Theorem (Vieta’s Formulas)

Suppose we factor a monic polynomial.

tn + cn−1 t
n−1 + · · ·+ c0 = (t − r1)

m1 · (t − r2)
m2 · · · (t − rk)

mk

cn−1=−(m1·r1+m2·r2+···+mk ·rk )

c0=(−1)n·rm1
1 ·rm2

2 ···rmk
k

These formulas relate the coefficients to the roots.
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Example

Consider the factorization

f (t) = (t + 2− 3 i)3 · (t + 2 + 3 i)3 · (t + 7)4

r1=−2+3 i r2=−2−3 i r3=−7

deg(f )=3+3+4=10

The coefficients c9 and c0 are

c9 = − [3 · (−2 + 3 i) + 3 · (−2− 3 i) + 4 · (−7)] = 40

c0 = (−1)10 · (−2 + 3 i)3 · (−2− 3 i)3 · (−7)4 = 5274997
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