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Definition
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PA = LU Factorizations
Definitions

Definition
A permutation matrix P is obtained from row-swaps on In.

I4
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 r2↔r4−−−−→


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1



r1↔r4−−−−→

P
1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0


Every permutation matrix is orthogonal, meaning P−1 = Pᵀ.
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P0 0 1
1 0 0
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
A−15 30 −10 −5

25 28 34 35
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5 7 1
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PA = LU Factorizations
Properties

Observation
In PA = LU, A and U have the same pivot and nonpivot column locations.

P[
1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0

] A[
7 4 −3 8 −9

35 35 20 66 −64
14 −13 −55 −66 1
21 15 −2 28 −31

]
=

L[
1 0 0 0
3 1 0 0
5 5 1 0
2 −7 −9 1

] U[
7 4 −3 8 −9
0 3 7 4 −4
0 0 0 6 1
0 0 0 0 0

]

Consequently, rank(A) = rank(U) and nullity(A) = nullity(U).

rank
(A) =

3

null
ity(

A) =

2

R5 rank(A) =

3

nullity(Aᵀ
) =

1

R4A
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Solving Systems
Procedure

Observation
Suppose PA = LU and consider the system Ax = b.

P

Ax =

P

b

First, solve L
lower triangular

y = Pb for y . Then, solve U
row echelon form
x = y for x.
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Solving Systems
Example

Example
Consider the PA = LU factorization and the vector b given by

P[
0 1 0
1 0 0
0 0 1

] A[
−9 7 1

3 −2 1
6 1 27

]
=

L[
1 0 0

−3 1 0
2 5 1

] U[
3 −2 1
0 1 4
0 0 5

]
b =

[
0

−3
−1

]

To solve Ax = b, first solve Ly = Pb for y . Then solve Ux = y for x.

y1 = −3

→ y1 = −3

−3 y1 + y2 = 0

→ y2 = −9

2 y1 + 5 y2 + y3 = −1

→ y3 = 50

Ly Pb

3 x1 − 2 x2 + x3 = −3

→ x1 = −37

x2 + 4 x3 = −9

→ x2 = −49

5 x3 = 50

→ x3 = 10

Ux y
Here, the only solution to Ax = b is x =

[
−37 −49 10

]ᵀ.
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To solve Ax = b, first solve Ly = Pb for y .

Then solve Ux = y for x.

y1 = −3 → y1 = −3
−3 y1 + y2 = 0

→ y2 = −9

2 y1 + 5 y2 + y3 = −1

→ y3 = 50

Ly Pb

3 x1 − 2 x2 + x3 = −3

→ x1 = −37

x2 + 4 x3 = −9

→ x2 = −49

5 x3 = 50

→ x3 = 10

Ux y
Here, the only solution to Ax = b is x =

[
−37 −49 10

]ᵀ.
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Calculating PA = LU
Description

PA = LU Factorization Algorithm
Suppose A is m × n. Start with i = j = 1, L = Om×m, and P = Im.

Step 1 If ai j = 0, do r i ↔ rk on A, P , and L where rk is the first row
below r i where akj 6= 0. If no such row exists, increase j by one
and try again.

Step 2 Do rk + c · r i → rk to eliminate every entry below ai j . Place −c
in the (k, i) position of L after each elimination.

Step 3 Increase i and j by one and return to Step 1.
Step 4 Place ones on the diagonal of L after the last row or column of A

is processed.
This reduces A to row echelon form U and we have PA = LU.
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Calculating PA = LU
Example

Example

Our algorithm builds P, L, and U concurrently.
A[ 2 −7 8 −9 −17

−6 21 −24 27 59
10 −24 5 −29 −34
12 2 −92 15 87

]

r2 + 3·r1 → r2
r3 − 5·r1 → r3
r4 − 6·r1 → r4−−−−−−−−−→

U[ 2 −7 8 −9 −17
−6 21 −24 27 59
10 −24 5 −29 −34
12 2 −92 15 87

]

L[ 0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

] P[1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

]

r2↔r3−−−−→
[2 −7 8 −9 −17
0 0 0 0 8
0 11 −35 16 51
0 44 −140 69 189

] [ 0 0 0 0
−3 0 0 0
5 0 0 0
6 0 0 0

] [1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

]
r4−4·r2→r4−−−−−−−→

[2 −7 8 −9 −17
0 11 −35 16 51
0 0 0 0 8
0 44 −140 69 189

] [ 0 0 0 0
5 0 0 0
−3 0 0 0
6 0 0 0

] [1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

]
r3↔r4−−−−→

[2 −7 8 −9 −17
0 11 −35 16 51
0 0 0 0 8
0 0 0 5 −15

] [ 0 0 0 0
5 0 0 0
−3 0 0 0
6 4 0 0

] [1 0 0 0
0 0 1 0
0 0 1 0
0 0 0 1

]
Once our algorithm terminates, we have PA = LU.
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