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Fundamental Subspaces
Orthogonality Relations

Observation
Suppose v ∈ Col(Aᵀ) and w ∈ Null(A).

Col(
Aᵀ )

Nul
l(A)

Rn

v

w

Col(A)

Null(Aᵀ
)

RmA

The inner product of v and w is then

〈v ,w〉 = 〈Aᵀx,w〉 = 〈x,Aw〉 = 〈x,O〉 = 0
v ∈ Col(Aᵀ) so v = Aᵀxadjoint propertyw ∈ Null(A) so Aw = O

This means Null(A) ⊥ Col(Aᵀ). Additionally, Null(Aᵀ) ⊥ Col(A).
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Fundamental Subspaces
Orthogonal Complements

Theorem
The fundamental subspaces pair off into orthogonal complements.

Col(
Aᵀ )
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v ∈ Col(A) means v ⊥ w

for w ∈ Null(Aᵀ)
v ∈ Col(Aᵀ) means v ⊥ w

for w ∈ Null(A)

v ∈ Null(Aᵀ) means v ⊥ w
when w ∈ Col(A)

v ∈ Null(A) means v ⊥ w
when w ∈ Col(Aᵀ)
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Using Orthogonality
Examples

Example
Here, we have bases of Col(A) and Null(Aᵀ).

Col(
Aᵀ )

dim
=2

Nul
l(A)

dim
=2

R4 Col(A)

dim=2

Null(Aᵀ
)

dim=1

R3

[
1 −4 −4 −9
1 −4 −3 −7
5 −20 −24 −53

]
β=

{
[1 1 5]

ᵀ
,[4 3 24]

ᵀ}

β=
{
[−9 4 1]

ᵀ}

To determine if
[
3 5 1

]ᵀ ∈ Col(A), we have two options.

rref

[
1 4 3
1 3 5
5 24 1

]
=

[
1 0 0
0 1 0
0 0 1

]Inefficient

〈[3 5 1]ᵀ, [−9 4 1]ᵀ〉 = −6 6= 0
Efficient
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−2 6 −1 0
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[
−3 9 −2 −1
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Finding a basis of V⊥ is the same as finding a basis of V⊥ = Null(Aᵀ).
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Using Orthogonality
EA = R

Recall
Suppose that A is m × n with rank(A) = r and consider EA = R .

E
1 1 −8 24

− 1 0 5 −17
3 −1 −11 41

− 1 1 −3 6


A

− 3 12 −17
12 −48 49
13 −52 58
4 −16 18


4 × 3 (r = 2)

=

R
1 −4 0
0 0 1
0 0 0
0 0 0


The last m − r rows of E are orthogonal to every column of A.
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