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Null Spaces
Definition

Definition
The null space of an m × n matrix A is

Null(A) = {v ∈ Rn |Av = O}
all v ∈ Rn

that satisfy

this equation

We write v ∈ Null(A) to indicate that Av = O.

A[ 3 2 −1
−8 4 −44
2 −9 51
1 6 −27

] v[ 3
−5
−1

]
=

[0
0
0
0

]v∈Null(A)
A[ 3 2 −1

−8 4 −44
2 −9 51
1 6 −27

] w[ 2
−1
1

]
=

[ 3
−64
64
−31

]w /∈Null(A)

We also refer to Null(A) as the kernel of A.
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Null Spaces
Examples

Example

Whether or not x ∈ Null(A) hinges on whether or not Ax = O.

A[−1 2 −11 −74
1 −2 −1 −10
−8 16 1 31

] w1[ 1
−2
1
4

]
=
[−312
−36
85

]w1 /∈Null(A)
A[−1 2 −11 −74

1 −2 −1 −10
−8 16 1 31

] w2[ 1
5

21
−3

]
=
[0
0
0

]w2∈Null(A)

Describing all x ∈ Null(A) requires one to solve Ax = O.

rref
[−1 2 −11 −74 0

1 −2 −1 −10 0
−8 16 1 31 0

]A O

=
[1 −2 0 −3 0
0 0 1 7 0
0 0 0 0 0

] x[2 c1+3 c2
c1

−7 c2
c2

]
= c1 ·

[2
1
0
0

]
+ c2 ·

[ 3
0
−7
1

]
Here, Null(A) consists of linear combinations of {[2 1 0 0]ᵀ, [3 0 −7 1]ᵀ}.
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Properties
Subset Language

Definition
For an m × n matrix A, the equation Av = O only makes sense if v ∈ Rn.

Null(A) ⊂ Rn A−→ Rm

Writing Null(A) ⊂ Rn indicates that vectors in Null(A) have n coordinates.

A =


∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗



Null(A)⊂R4

B =

 ∗ ∗ ∗ ∗ ∗ ∗∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗


Null(B)⊂R6
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Properties
Subset Language

Example

This matrix A is 4× 2, so Null(A) ⊂ R2.

rref

[−3 6
2 −4
−1 2
−2 4

]
=

[1 −2
0 0
0 0
0 0

]
x =

[
2 c1
c1

]
= c1 ·

[
2
1

]

The vectors in Null(A) are the scalar multiples of
[
2 1

]ᵀ
.

Null(A)

[2
1]
ᵀ
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Properties
Cycles in Digraphs

Recall
Paths in a digraph can be represented numerically by path vectors.

v1

v2

v3

a1

a2

a3

a4 vp =


−1

0
1
0

 v c =


−1

0
1
1



Path vectors can be multiplied by the incidence matrix.

A[−1 1 −1 0
1 −1 0 1
0 0 1 −1

] vp[−1
0
1
0

]
=
[ 0
−1
1

]vp /∈Null(A)
A[−1 1 −1 0

1 −1 0 1
0 0 1 −1

] v c[−1
0
1
1

]
=
[0
0
0

] v c∈Null(A)

Of these two paths, only c is a cycle.
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Properties
Cycles in Digraphs

Theorem
A path p is a cycle if and only if vp ∈ Null(A).



Eigenspaces
Definitions

Definition
The eigenspace of A associated to an eigenvalue λ is

EA(λ) = Null(λ · In − A)

Each vector v ∈ EA(λ) satisfies

(λ · In − A)v = O λ · v − Av = O Av = λ · v

Vectors v ∈ EA(λ) satisfy Av = λ · v and are called eigenvectors.
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Eigenspaces
Definitions

Example

To verify if v is an eigenvector, we need only check Av = λ · v .

A[−17 27 9
−13 21 7

9 −15 −5

] v[−3
−2
1

]
=
[ 6

4
−2

]Av=−2·v
A[−17 27 9

−13 21 7
9 −15 −5

] w[−4
−4
5

]
=
[ 5

3
−1

]Aw 6=λ·w

Here, we find that v ∈ EA(−2) and that w is not and eigenvector of A.
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Eigenspaces
Definitions

Example

Consider the following data.

A =
[ 9 −21 −28
14 −40 −56
−7 21 30

]
E-Vals(A) = {−5, 2}

For λ = −5, the eigenvectors live in EA(−5) = Null(−5 · I3 − A).

rref
[−14 21 28
−14 35 56

7 −21 −35

]−5·I3−A

=
[1 0 1
0 1 2
0 0 0

]

v = c1 ·
[−1
−2
1

]
EA(−5)

For λ = 2, the eigenvectors live in EA(2) = Null(2 · I3 − A).

rref
[ −7 21 28
−14 42 56

7 −21 −28

]2·I3−A

=
[1 −3 −4
0 0 0
0 0 0

]

v = c1 ·
[3
1
0

]
+ c2 ·

[4
0
1

]
EA(2)
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[−1
−2
1

]
EA(−5)

For λ = 2, the eigenvectors live in EA(2) = Null(2 · I3 − A).

rref
[ −7 21 28
−14 42 56

7 −21 −28

]2·I3−A

=
[1 −3 −4
0 0 0
0 0 0

]
v = c1 ·

[3
1
0

]
+ c2 ·

[4
0
1

]
EA(2)
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Eigenspaces
Geometry

Observation
Eigenvectors satisfy Av = λ · v , so the output is parallel to the input.

v=
[2
0

]w=
[1
1

] A=
[ 1 2
−1 4

]
−−−−−−→

Av=
[ 2
−2
]

Aw=
[3
3

]

Superimposing illustrates that w ∈ EA(3) but that v is not an eigenvector.

Av 6=λ·v

Aw=3·w

v

w



Eigenspaces
Geometry

Observation
Eigenvectors satisfy Av = λ · v , so the output is parallel to the input.

v=
[2
0

]w=
[1
1

] A=
[ 1 2
−1 4

]
−−−−−−→

Av=
[ 2
−2
]

Aw=
[3
3

]

Superimposing illustrates that w ∈ EA(3) but that v is not an eigenvector.

Av 6=λ·v

Aw=3·w

v

w



Eigenspaces
Geometry

Observation
Eigenvectors satisfy Av = λ · v , so the output is parallel to the input.

v=
[2
0

]w=
[1
1

] A=
[ 1 2
−1 4

]
−−−−−−→

Av=
[ 2
−2
]

Aw=
[3
3

]

Superimposing illustrates that w ∈ EA(3) but that v is not an eigenvector.

Av 6=λ·v

Aw=3·w

v

w



Eigenspaces
Geometry

Observation
Eigenvectors satisfy Av = λ · v , so the output is parallel to the input.

v=
[2
0

]w=
[1
1

] A=
[ 1 2
−1 4

]
−−−−−−→

Av=
[ 2
−2
]

Aw=
[3
3

]

Superimposing illustrates that w ∈ EA(3) but that v is not an eigenvector.

Av 6=λ·v

Aw=3·w

v

w



Eigenspaces
Geometry

Observation
Eigenvectors satisfy Av = λ · v , so the output is parallel to the input.

v=
[2
0

]w=
[1
1

] A=
[ 1 2
−1 4

]
−−−−−−→

Av=
[ 2
−2
]

Aw=
[3
3

]

Superimposing illustrates that w ∈ EA(3) but that v is not an eigenvector.

Av 6=λ·v

Aw=3·w

v

w



Eigenspaces
Geometry

Observation
Eigenvectors satisfy Av = λ · v , so the output is parallel to the input.

v=
[2
0

]w=
[1
1

] A=
[ 1 2
−1 4

]
−−−−−−→

Av=
[ 2
−2
]

Aw=
[3
3

]

Superimposing illustrates that w ∈ EA(3) but that v is not an eigenvector.

Av 6=λ·v

Aw=3·w

v

w



Eigenspaces
Geometry

Observation
Eigenvectors satisfy Av = λ · v , so the output is parallel to the input.

v=
[2
0

]w=
[1
1

] A=
[ 1 2
−1 4

]
−−−−−−→

Av=
[ 2
−2
]

Aw=
[3
3

]

Superimposing illustrates that w ∈ EA(3) but that v is not an eigenvector.

Av 6=λ·v

Aw=3·w

v

w


	Null Spaces
	Definition
	Examples

	Properties
	Subset Language
	Cycles in Digraphs

	Eigenspaces
	Definitions
	Geometry


