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Linear Combinations
Definition

Definition
A linear combination of v1, v2, . . . , vm ∈ Rn is any expression of the form

c1 · v1 + c2 · v2 + · · ·+ cm · vm

scalars (called weights)

For example, consider the linear combination
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Here, b is a linear combination of v1, v2, v3, v4 ∈ R3.



Linear Combinations
Definition

Definition
A linear combination of v1, v2, . . . , vm ∈ Rn is any expression of the form

c1 · v1 + c2 · v2 + · · ·+ cm · vm

scalars (called weights)

For example, consider the linear combination

−3−3

c1

·

 2
−1
4


v1

+ 66

c2

·

30
1


v2

+ 44

c3

·

 0
1

−1


v3

+ 22

c4

·

 6
0

−3


v4

=

 24
7

−16


b

Here, b is a linear combination of v1, v2, v3, v4 ∈ R3.



Linear Combinations
Definition

Definition
A linear combination of v1, v2, . . . , vm ∈ Rn is any expression of the form

c1 · v1 + c2 · v2 + · · ·+ cm · vm

scalars (called weights)

For example, consider the linear combination

−3−3

c1

·

 2
−1
4


v1

+ 66

c2

·

30
1


v2

+ 44

c3

·

 0
1

−1


v3

+ 22

c4

·

 6
0

−3


v4

=

 24
7

−16


b

Here, b is a linear combination of v1, v2, v3, v4 ∈ R3.



Linear Combinations
Definition

Definition
A linear combination of v1, v2, . . . , vm ∈ Rn is any expression of the form

c1 · v1 + c2 · v2 + · · ·+ cm · vm

scalars (called weights)

For example, consider the linear combination

−3−3

c1

·

 2
−1
4


v1

+ 66

c2

·

30
1


v2

+ 44

c3

·

 0
1

−1


v3

+ 22

c4

·

 6
0

−3


v4

=

 24
7

−16


b

Here, b is a linear combination of v1, v2, v3, v4 ∈ R3.



Linear Combinations
Definition

Definition
A linear combination of v1, v2, . . . , vm ∈ Rn is any expression of the form

c1 · v1 + c2 · v2 + · · ·+ cm · vm

scalars (called weights)

For example, consider the linear combination

−3−3

c1

·

 2
−1
4


v1

+ 66

c2

·

30
1


v2

+ 44

c3

·

 0
1

−1


v3

+ 22

c4

·

 6
0

−3


v4

=

 24
7

−16


b

Here, b is a linear combination of v1, v2, v3, v4 ∈ R3.



Linear Combinations
Definition

Definition
A linear combination of v1, v2, . . . , vm ∈ Rn is any expression of the form

c1 · v1 + c2 · v2 + · · ·+ cm · vm

scalars (called weights)

For example, consider the linear combination

−3−3

c1

·

 2
−1
4


v1

+ 66

c2

·

30
1


v2

+ 44

c3

·

 0
1

−1


v3

+ 22

c4

·

 6
0

−3


v4

=

 24
7

−16


b

Here, b is a linear combination of v1, v2, v3, v4 ∈ R3.



Linear Combinations
Definition

Definition
A linear combination of v1, v2, . . . , vm ∈ Rn is any expression of the form

c1 · v1 + c2 · v2 + · · ·+ cm · vm

scalars (called weights)

For example, consider the linear combination

−3−3

c1

·

 2
−1
4


v1

+ 66

c2

·

30
1


v2

+ 44

c3

·

 0
1

−1


v3

+ 22

c4

·

 6
0

−3


v4

=

 24
7

−16


b

Here, b is a linear combination of v1, v2, v3, v4 ∈ R3.



Linear Combinations
Definition

Definition
A linear combination of v1, v2, . . . , vm ∈ Rn is any expression of the form

c1 · v1 + c2 · v2 + · · ·+ cm · vm

scalars (called weights)

For example, consider the linear combination

−3−3

c1

·

 2
−1
4


v1

+ 66

c2

·

30
1


v2

+ 44

c3

·

 0
1

−1


v3

+ 22

c4

·

 6
0

−3


v4

=

 24
7

−16


b

Here, b is a linear combination of v1, v2, v3, v4 ∈ R3.



Linear Combinations
Examples

Example

Generic combinations of v1 =
[
2 0 3

]⊺
and v2 =

[
−1 0 5

]⊺
look like

c1 ·
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0
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 =
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3 c1 + 5 c2

 always zero!

For example,
[
2 1 3

]⊺
cannot be expressed as such a combination.
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Matrix-Vector Products
Definition

Problem
Linear combinations are extremely important, but clumsy to work with.

c1 · v1 + c2 · v2 + · · ·+ cm · vm

Important But Clumsy

Matrix-vector products encode this data into a single expression Av .
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Matrix-Vector Products
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Definition
The matrix-vector product Av of A ∈ Rm×n

num cols of A is n
num rows of A is m

and v ∈ Rn

num coords in v is n

is
a11 a12 a1n
a21 a22 a2n

am1 am2 amn


A

num cols of A is n


c1
c2

cn


v

num coords in v is n

= c1c1 ·


a11
a21

am1

+ c2c2 ·


a12
a22

am2

+· · ·+ cncn ·


a1n
a2n

amn


The vector Av

num coords of Av is m (Av ∈ Rm)

is the combination of columns of A using the weights in v .
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Matrix-Vector Products
Examples

Example

This 4× 3 matrix A can be multiplied by any vector v ∈ R3.
1 0 2
0 3 4
2 1 0
4 5 1


A

num cols of A is 3

−2
3
5


v

num coords in v is 3

= −2−2 ·


1
0
2
4

+ 33 ·


0
3
1
5

+ 55 ·


2
4
0
1

 =


8
29
−1
12


Av ∈ R4

Since A has four rows, this product produces a vector Av ∈ R4.
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Matrix-Vector Products
Examples

Example

Consider the following matrix-vector product.

Col1 Col2 Col3 Col4


c1 = 1 c2 = 0 c3 = 0

c4 = −1

A 
1
0
0

−1


v

= Col1−Col4

Here, we simply subtract the last column from the first column!
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Properties
Compatibility

Warning

The product Av only makes sense if A ∈ Rm×n and v ∈ Rn.


∗ ∗
∗ ∗
∗ ∗
∗ ∗



∗
∗
∗
∗



∗ ∗
∗ ∗
∗ ∗
∗ ∗



∗
∗
∗
∗

 ∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗

[∗
∗

]∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗

[∗
∗

]

Be careful when you write Av !
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Properties
Algebraic

Theorem
Matrix-vector multiplictation respects the linearity, identity, and zero rules.

A(c1 · v1 + c2 · v2) = c1 · Av1 + c2 · Av2

Linearity Rule

Inv = v

Identity Rule

AOn = Om

Zero Rule

Thinking in terms of inputs and outputs Av = b
A ∈ Rm×n

“input” v ∈ Rn

“output” b ∈ Rm

inspires arrow notation

Rn RmA

Arrow Notation

Writing Rn A−→ Rm is a sophisticated way of declaring that A is m × n.
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Eigenvectors
Definition

Example

If A is square, then both v and Av are vectors in Rn. 3 3 3
− 8 −2 −4
2 −4 −2


A  1

−1
0


w

=

 0
−6
6


Aw

Aw ̸= λ · w

 3 3 3
− 8 −2 −4
2 −4 −2


A  0

1
−1


v

=

 0
2

−2


Av

Av = 2 · v

We call v an eigenvector of A with associated eigenvalue λ = 2.



Eigenvectors
Definition

Example

If A is square, then both v and Av are vectors in Rn. 3 3 3
− 8 −2 −4
2 −4 −2


A  1

−1
0


w

=

 0
−6
6


Aw

Aw ̸= λ · w

 3 3 3
− 8 −2 −4
2 −4 −2


A  0

1
−1


v

=

 0
2

−2


Av

Av = 2 · v

We call v an eigenvector of A with associated eigenvalue λ = 2.



Eigenvectors
Definition

Example

If A is square, then both v and Av are vectors in Rn. 3 3 3
− 8 −2 −4
2 −4 −2


A  1

−1
0


w

=

 0
−6
6


Aw

Aw ̸= λ · w

 3 3 3
− 8 −2 −4
2 −4 −2


A  0

1
−1


v

=

 0
2

−2


Av

Av = 2 · v

We call v an eigenvector of A with associated eigenvalue λ = 2.



Eigenvectors
Definition

Example

If A is square, then both v and Av are vectors in Rn. 3 3 3
− 8 −2 −4
2 −4 −2


A  1

−1
0


w

=

 0
−6
6


Aw

Aw ̸= λ · w

 3 3 3
− 8 −2 −4
2 −4 −2


A  0

1
−1


v

=

 0
2

−2


Av

Av = 2 · v

We call v an eigenvector of A with associated eigenvalue λ = 2.



Eigenvectors
Definition

Example

If A is square, then both v and Av are vectors in Rn. 3 3 3
− 8 −2 −4
2 −4 −2


A  1

−1
0


w

=

 0
−6
6


Aw

Aw ̸= λ · w

 3 3 3
− 8 −2 −4
2 −4 −2


A  0

1
−1


v

=

 0
2

−2


Av

Av = 2 · v

We call v an eigenvector of A with associated eigenvalue λ = 2.



Eigenvectors
Definition

Example

If A is square, then both v and Av are vectors in Rn. 3 3 3
− 8 −2 −4
2 −4 −2


A  1

−1
0


w

=

 0
−6
6


Aw

Aw ̸= λ · w

 3 3 3
− 8 −2 −4
2 −4 −2


A  0

1
−1


v

=

 0
2

−2


Av

Av = 2 · v

We call v an eigenvector of A with associated eigenvalue λ = 2.



Eigenvectors
Definition

Example

If A is square, then both v and Av are vectors in Rn. 3 3 3
− 8 −2 −4
2 −4 −2


A  1

−1
0


w

=

 0
−6
6


Aw

Aw ̸= λ · w

 3 3 3
− 8 −2 −4
2 −4 −2


A  0

1
−1


v

=

 0
2

−2


Av

Av = 2 · v
We call v an eigenvector of A with associated eigenvalue λ = 2.



Eigenvectors
Definition

Example

If A is square, then both v and Av are vectors in Rn. 3 3 3
− 8 −2 −4
2 −4 −2


A  1

−1
0


w

=

 0
−6
6


Aw

Aw ̸= λ · w

 3 3 3
− 8 −2 −4
2 −4 −2


A  0

1
−1


v

=

 0
2

−2


Av

Av = 2 · v
We call v an eigenvector of A with associated eigenvalue λ = 2.



Eigenvectors
Definition

Definition
We call v ̸= O an eigenvector of A with associated eigenvalue λ if

Av = λ · v

Eigenvector Equation

We communicate that this equation is satisfied by writing v ∈ EA(λ)
writing v ∈ EA(λ) declares that Av = λ · v

.



Eigenvectors
Definition

Definition
We call v ̸= O an eigenvector of A with associated eigenvalue λ if

Av = λ · v

Eigenvector Equation

We communicate that this equation is satisfied by writing v ∈ EA(λ)
writing v ∈ EA(λ) declares that Av = λ · v

.



Eigenvectors
Definition

Definition
We call v ̸= O an eigenvector of A with associated eigenvalue λ if

Av = λ · v

Eigenvector Equation

We communicate that this equation is satisfied by writing v ∈ EA(λ)
writing v ∈ EA(λ) declares that Av = λ · v

.



Eigenvectors
Example

Example

Consider our previous calculations. 3 3 3
− 8 −2 −4
2 −4 −2


A  1

−1
0


w

=

 0
−6
6


Aw

Aw ̸= λ · w

 3 3 3
− 8 −2 −4
2 −4 −2


A  0

1
−1


v

=

 0
2

−2


Av

Av = 2 · v

Here, v ∈ EA(2)

λ = 2 makes Av = λ · v work

but w /∈ EA(λ)
no scalar λ makes Aw = λ · w work

.



Eigenvectors
Example

Example

Consider our previous calculations. 3 3 3
− 8 −2 −4
2 −4 −2


A  1

−1
0


w

=

 0
−6
6


Aw

Aw ̸= λ · w

 3 3 3
− 8 −2 −4
2 −4 −2


A  0

1
−1


v

=

 0
2

−2


Av

Av = 2 · v

Here, v ∈ EA(2)

λ = 2 makes Av = λ · v work

but w /∈ EA(λ)
no scalar λ makes Aw = λ · w work

.



Eigenvectors
Example

Example

Consider our previous calculations. 3 3 3
− 8 −2 −4
2 −4 −2


A  1

−1
0


w

=

 0
−6
6


Aw

Aw ̸= λ · w

 3 3 3
− 8 −2 −4
2 −4 −2


A  0

1
−1


v

=

 0
2

−2


Av

Av = 2 · v

Here, v ∈ EA(2)

λ = 2 makes Av = λ · v work

but w /∈ EA(λ)
no scalar λ makes Aw = λ · w work

.



Eigenvectors
Example

Example

Consider our previous calculations. 3 3 3
− 8 −2 −4
2 −4 −2


A  1

−1
0


w

=

 0
−6
6


Aw

Aw ̸= λ · w

 3 3 3
− 8 −2 −4
2 −4 −2


A  0

1
−1


v

=

 0
2

−2


Av

Av = 2 · v

Here, v ∈ EA(2)

λ = 2 makes Av = λ · v work

but w /∈ EA(λ)
no scalar λ makes Aw = λ · w work

.



Eigenvectors
Example

Example

Consider our previous calculations. 3 3 3
− 8 −2 −4
2 −4 −2


A  1

−1
0


w

=

 0
−6
6


Aw

Aw ̸= λ · w

 3 3 3
− 8 −2 −4
2 −4 −2


A  0

1
−1


v

=

 0
2

−2


Av

Av = 2 · v

Here, v ∈ EA(2)

λ = 2 makes Av = λ · v work

but w /∈ EA(λ)
no scalar λ makes Aw = λ · w work

.



Eigenvectors
Example

Example

Consider our previous calculations. 3 3 3
− 8 −2 −4
2 −4 −2


A  1

−1
0


w

=

 0
−6
6


Aw

Aw ̸= λ · w

 3 3 3
− 8 −2 −4
2 −4 −2


A  0

1
−1


v

=

 0
2

−2


Av

Av = 2 · v
Here, v ∈ EA(2)

λ = 2 makes Av = λ · v work

but w /∈ EA(λ)
no scalar λ makes Aw = λ · w work

.



Eigenvectors
Example

Example

Consider our previous calculations. 3 3 3
− 8 −2 −4
2 −4 −2


A  1

−1
0


w

=

 0
−6
6


Aw

Aw ̸= λ · w

 3 3 3
− 8 −2 −4
2 −4 −2


A  0

1
−1


v

=

 0
2

−2


Av

Av = 2 · v
Here, v ∈ EA(2)

λ = 2 makes Av = λ · v work

but w /∈ EA(λ)
no scalar λ makes Aw = λ · w work

.



Eigenvectors
Example

Example

Consider our previous calculations. 3 3 3
− 8 −2 −4
2 −4 −2


A  1

−1
0


w

=

 0
−6
6


Aw

Aw ̸= λ · w

 3 3 3
− 8 −2 −4
2 −4 −2


A  0

1
−1


v

=

 0
2

−2


Av

Av = 2 · v
Here, v ∈ EA(2)

λ = 2 makes Av = λ · v work

but w /∈ EA(λ)
no scalar λ makes Aw = λ · w work

.



Eigenvectors
Example

Example

Consider our previous calculations. 3 3 3
− 8 −2 −4
2 −4 −2


A  1

−1
0


w

=

 0
−6
6


Aw

Aw ̸= λ · w

 3 3 3
− 8 −2 −4
2 −4 −2


A  0

1
−1


v

=

 0
2

−2


Av

Av = 2 · v
Here, v ∈ EA(2)

λ = 2 makes Av = λ · v work

but w /∈ EA(λ)
no scalar λ makes Aw = λ · w work

.



Eigenvectors
Example

Example

Consider our previous calculations. 3 3 3
− 8 −2 −4
2 −4 −2


A  1

−1
0


w

=

 0
−6
6


Aw

Aw ̸= λ · w

 3 3 3
− 8 −2 −4
2 −4 −2


A  0

1
−1


v

=

 0
2

−2


Av

Av = 2 · v
Here, v ∈ EA(2)

λ = 2 makes Av = λ · v work

but w /∈ EA(λ)
no scalar λ makes Aw = λ · w work

.


	Linear Combinations
	Definition
	Examples

	Matrix-Vector Products
	Definition
	Examples

	Properties
	Compatibility
	Algebraic

	Eigenvectors
	Definition
	Example


