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The Compatibility Criterion

Definition

Observation
Suppose we wish to “transform” a vector twice.

R B R" AL R

V ~~ BV ~~~ ABv

We could bypass this intermediary step by “multiplying” A and B together.

mxn—-= — X m
R" B RM™ A RZ
AB

——/{xn

In short, we have (¢ x m)-(m x n) ~ £ X n.
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The Compatibility Criterion

Examples

Example
Suppse we multiply a 3 X 4 matrix and a 4 x 2 matrix.

B

A % AB B A
ko ok
% % RZ R4 R?’
*k = \_/
* *
* ko ok AB
k* ok

This can also be thought of as (3 x 4) - (4 x 2) ~» 3 x 2.
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The Compatibility Criterion

Examples

Example
Suppose we multiply a 4 x 2 matrix and a 3 x 4 matrix.

The product BA makes no sense, even though AB does make sense!
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Definition (Row Perspective)
Suppose A and B fit into a diagram of the form

mxn— — U xXm
B A
AB

~——{xn

The (i,) entry of the matrix product AB is given by the inner product
(ith row of A, jth column of B)

This allows us to fill AB entry-by-entry with inner products.
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Example
Consider the matrix product.

B
A
2 00 -1 -1 _(1)(1)_1 1 7 12
4 06 0 -1 A o ol o9 -2
T T D || ol 2 1| 6 4
311 5 1|l 4| | 3 26 16

The third row of A is orthogonal to the first column of B.
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Properties

General Properties

Theorem
Matrix arithmetic obeys the following laws.

additive associativity A+ (B+ C)=(A+B)+ C
multiplicative associativity (AB)C = A(BC)

additive commutativity A+ B=B+ A

left distributive A(B+ C) = AB 4+ AC

right distributive (A+ B)C = AC + BC
identity rule Al, = Ih,A=A

trace rule trace(AB) = trace( BA)
transposition rule (AB)T = BTAT

Consequently, we say that transposition is an order-reversing involution.
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General Properties

Example
Consider the products given by

(g

Here, we find that AB # BA.



Properties

General Properties

Warning
Matrix multiplication is generally noncommutative, meaning AB # BA.

ABABABA # A*B3

We must be careful when simplifying expressions of matrix products!
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Properties

The Gramian

Definition
The Gramian of a matrix Ais G = ATA.
AT B G
4 —6 14 4
2 |42 - e
-2 =2 4 -2

The Gramian always satisfies the equation
(ATA)T = AT(AT)T = ATA

The Gramian of an m X n matrix is an n X n symmetric matrix.
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The Gramian

Observation
The row perspective explicitly describes each entry of ATA.

AT ATA
a{ (a1,a1) (ai,az) ------ (a1, an)

"’55 (o a @D (a2,5a1> <a2§az>.-.'.jj"<"2’3a">
(ama) (ama) - (Eman)

The (i,/) entry of ATA is (ith column, jth column).
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If we view these vectors as n X 1 matrices, then

w1
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Properties

Inner Products

Example
Consider two vectors v and w given by

vV = |:V1 % B Vn:|T w = [Wl Wo «vvee Wn]T

viw = [ Vi Vo oeeeees Vn :| : — <V, W>

Inner products can be written as matrix multiplication (v, w) = vTw.
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Properties

Inner Products

Theorem
(Av,w) = (v,ATw)

Proof.
(Av,w) = (Av)Tw = (VTAT)w = vT(ATw) = (v, ATw)

Ol
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