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Basic Vocabulary
Scalars

Definition
The symbol R refers to all real numbers.

0 1/2 1 2−1−2 π

The symbol ∈ is used to indicate membership.

0 ∈ R 1 ∈ R − 2 ∈ R 1/2 ∈ R ‘hello’ /∈ R

These numbers are also called scalars.



Basic Vocabulary
Scalars

Definition
The symbol R refers to all real numbers.

0 1/2 1 2−1−2 π

The symbol ∈ is used to indicate membership.

0 ∈ R 1 ∈ R − 2 ∈ R 1/2 ∈ R ‘hello’ /∈ R

These numbers are also called scalars.



Basic Vocabulary
Scalars

Definition
The symbol R refers to all real numbers.

0 1/2 1 2−1−2 π

The symbol ∈ is used to indicate membership.

0 ∈ R 1 ∈ R − 2 ∈ R 1/2 ∈ R ‘hello’ /∈ R

These numbers are also called scalars.



Basic Vocabulary
Vectors

Definition
A vector in Rn is a list of n scalars organized vertically into a list.

v =

[
1

−2

]
w =

 3
−5
−5

 x =


1
1
1
1

 b =


−7/9

0
π
1



Again ∈ is used to indicate membership.

v ∈ R2 w ∈ R3 x ,b ∈ R4 v /∈ R5

The scalars in a vector are called coordinates.
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Basic Vocabulary
Matrices

Definition
An m × n matrix is an array of scalars with m rows and n columns.

A =


13 4 −9 1 0 0

− 27 −2 2 16 −21 −2
− 13 −12 −2 2 3 19
− 5 18 −22 2 −1 1

 four rows

six columns

This matrix has four rows and six columns, so we write A ∈ R4×6.
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Basic Vocabulary
Matrices

Definition
The (i , j) entry of a matrix is the scalar in the i th row and jth column.

A =


11 5 0
−6 −3 −2
2 1 4

−1 −2 3
−2 −11 3



The (4, 2) entry of this A is a42 =

− 2.
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Basic Arithmetic
Vector Arithmetic

Definition
Scalar-vector products work coordinatewise.

2 ·

 3
0
4

 =

 2 · 3
2 · 0
2 · 4

 =

 6
0
8



Vector addition also works coordinatewise. 2
3
7

+

 0
6
1

 =

 2 + 0
3 + 6
7 + 1

 =

 2
9
8


So, c · v and v + w make sense for c ∈ R and v ,w ∈ Rn.
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Basic Arithmetic
Matrix Arithmetic

Definition
Scalar-matrix products work componentwise.

8 ·

 3 4
6 0
2 1

 =

 8 · 3 8 · 4
8 · 6 8 · 0
8 · 2 8 · 1

 =

 24 32
48 0
16 8



Matrix addition also works componentwise. 0 7
4 2
9 1

+

 1 0
1 2
8 2

 =

 0 + 1 7 + 0
4 + 1 2 + 2
9 + 8 1 + 2

 =

 1 7
5 4
17 3


So, c · A and A+ B make sense for c ∈ R and A,B ∈ Rm×n.
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16 8


Matrix addition also works componentwise. 0 7

4 2
9 1

+

 1 0
1 2
8 2

 =

 0 + 1 7 + 0
4 + 1 2 + 2
9 + 8 1 + 2

 =

 1 7
5 4
17 3



So, c · A and A+ B make sense for c ∈ R and A,B ∈ Rm×n.
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Basic Arithmetic
Matrix Arithmetic

Warning

Only vectors and matrices with the same shape can be summed.

[
∗
∗

]
+

∗∗
∗

[
∗
∗

]
+

∗∗
∗

 [
∗ ∗ ∗
∗ ∗ ∗

]
+


∗ ∗
∗ ∗
∗ ∗
∗ ∗

[
∗ ∗ ∗
∗ ∗ ∗

]
+


∗ ∗
∗ ∗
∗ ∗
∗ ∗



Be careful when you write v + w or A+ B!
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Basic Operations
Transposition

Definition
The transpose A⊺ is formed by interchanging the rows and columns of A.

A =


10 17 19
1 −10 11

− 15 −3 2
9 18 −17


4× 3

A⊺ =



10 1 − 15 9
17 − 10 − 3 18
19 11 2 − 17


3× 4

The (i , j) entry of A⊺ is aji . In general A⊺ is n ×m if A is m × n.
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Basic Operations
Transposition

Observation
Vertical space is saved by writing vectors as tansposes of 1× n matrices.

v =


9

−3
4
7

 =
[
9 −3 4 7

]⊺

This is called horizontal notation. We will use it a lot.
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Basic Operations
Transposition

Observation
Transposition is a linear operation, which means that

(c1 · A1 + c2 · A2)
⊺ = c1 · A⊺

1 + c2 · A⊺
2

Transposition is also an involution, meaning (A⊺)⊺ = A.
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Basic Operations
Transposition

Definition
A matrix S is symmetric if S⊺ = S .

S =


−2 17 −9 −1
17 14 −5 30
−9 −5 26 7
−1 30 7 −22


diagonal of S

= S⊺

This adjective refers to symmetry across the diagonal.
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Basic Operations
Trace

Definition
The trace of an n × n matrix is the sum of its diagonal.

trace


−12 5 3 8
−5 −19 −6 5
18 −8 14 0
12 10 −7 6

 =

(−12) + (−19) + (14) + (6) = − 11

Note that trace(A) is a scalar.
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Basic Operations
Trace

Observation
Trace is also a linear operation, which means that

trace(c1 · A1 + c2 · A2) = c1 · trace(A1) + c2 · trace(A2)

For example, suppose that

trace(A) = −3 trace(B) = 5

Then trace(6 · A− B) = 6 · trace(A)− trace(B) = 6 · (−3)− 5 = −23.
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