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Basic Vocabulary
Systems and Consistency

Definition
Consider a system of m linear equations with n variables.

a11 x1 + a12 x2 + + a1n xn = b1

a21 x1 + a22 x2 + + a2n xn = b2

am1 x1 + am2 x2 + + amn xn = bm

x =


x1

x2

xn


A solution is a vector x whose coordinates solve each equation.
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Basic Vocabulary
Systems and Consistency

Definition
A system is consistent if it has at least one solution.

x1 − 2 x2 − x3 = 1
−4 x1 + 9 x2 + 5 x3 = −2
−2 x1 + 9 x2 + 7 x3 = 8
−x1 + 6 x2 + 5 x3 = 7

x1 =

5
2
0

 x2 =

 6
3
−1


This system is consistent because each of x1 and x2 is a solution.
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Basic Vocabulary
Systems and Consistency

Definition
A system is inconsistent if it has no solutions.

− 5 x1 + 4 x2 − x3 = 3
− 4 x1 + x2 − x3 = −1

2 x1 − 2 x2 + x3 = 2
7 x1 − 3 x2 + x3 = −3

Summing these equations gives 0 = 1, so this system is inconsistent!
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Basic Vocabulary
Matrix Representations

Definition
Every system is represented by an augmented matrix.

3 x1 + 7 x2 − 4 x3 = 11
6 x1 + 9 x3 = −3
2 x1 + 9 x2 = 2
− 7 x1 + 4 x2 − 12 x3 = 7

!



x1 x2 x3

3 7 −4 11
6 0 9 −3
2 9 0 2
− 7 4 −12 7


coefficient matrix

augmented column
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Basic Vocabulary
Matrix Representations

Definition
We can also represent a system with a matrix equation Ax = b.

7 x1 + 9 x2 = 11
− 3 x1 − 3 x2 = 2

12 x1 − 7 x2 = 8
− 5 x1 + 2 x2 = 14

!

A
7 9
− 3 −3

12 −7
− 5 2


x[
x1

x2

]
=

b
11

2
8

14


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Reduced Systems
Variable Types and Consistency

Definition
Consider an augmented matrix in reduced row echelon form.


x1 x2 x3 x4 x5

1 0 5 −9 0 8
0 1 −3 10 0 −5
0 0 0 0 1 7
0 0 0 0 0 0


dependent = {x1, x2, x5}

free = {x3, x4}

Variables in pivot columns are called dependent. The others are called free.
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Reduced Systems
Variable Types and Consistency

Observation
A system is inconsistent if the augmented column contains a pivot.


x1 x2 x3 x4

1 0 3 −4 0
0 1 −7 −2 0
0 0 0 0 1
0 0 0 0 0

 inconsistent

this equation is 0 = 1

A system is consistent if the augmented column contains no pivot.
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Reduced Systems
Rouché-Capelli Theorem

Observation
The rank of the coefficient matrix is the number of dependent variables.


x1 x2 x3 x4 x5

1 0 3 −5 0 2
0 1 −4 −9 0 7
0 0 0 0 1 1


dependent = {x1, x2, x5}

rank(A) = 3

free = {x3, x4}
nullity(A) = 2

The nullity is the number of free variables.
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Rouché-Capelli Theorem

Observation
The rank of the coefficient matrix is the number of dependent variables.


x1 x2 x3 x4 x5

1 0 3 −5 0 2
0 1 −4 −9 0 7
0 0 0 0 1 1


dependent = {x1, x2, x5}

rank(A) = 3

free = {x3, x4}
nullity(A) = 2

The nullity is the number of free variables.



Reduced Systems
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Reduced Systems
Rouché-Capelli Theorem

Theorem (Rouché-Capelli Theorem)

Every rref system falls into one of the following three categories.

inconsistent
(no solutions) 1 0 3 0
0 1 2 0
0 0 0 1


foo

consistent
(one solution) 1 0 0 2
0 1 0 7
0 0 1 1



nullity(A)=0

consistent
(infinite solutions) 1 3 0 2

0 0 1 7
0 0 0 0



nullity(A)>0

The number of solutions to a consistent system is controlled by the nullity.
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Theorem (Rouché-Capelli Theorem)

Every rref system falls into one of the following three categories.

inconsistent
(no solutions) 1 0 3 0
0 1 2 0
0 0 0 1


foo

consistent
(one solution) 1 0 0 2
0 1 0 7
0 0 1 1



nullity(A)=0

consistent
(infinite solutions) 1 3 0 2

0 0 1 7
0 0 0 0



nullity(A)>0

The number of solutions to a consistent system is controlled by the nullity.



Reduced Systems
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Theorem (Rouché-Capelli Theorem)

Every rref system falls into one of the following three categories.

inconsistent
(no solutions) 1 0 3 0
0 1 2 0
0 0 0 1


foo

consistent
(one solution) 1 0 0 2
0 1 0 7
0 0 1 1


nullity(A)=0

consistent
(infinite solutions) 1 3 0 2

0 0 1 7
0 0 0 0


nullity(A)>0

The number of solutions to a consistent system is controlled by the nullity.



Solving Reduced Systems
Procedure

Solving Reduced Systems

Suppose Rx = b is reduced and consistent.

Step 1 Set the free variables equal to scalars c1, c2, . . . , ck .

Step 2 Write each dependent variable in terms of c1, c2, . . . , ck .

Step 3 Express the full solution as x = xp + c1 · x1 + · · ·+ ck · xk .
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Solving Reduced Systems
Examples

Example

In this system, {x1, x3} are dependent and {x2, x4} are free.

[ x1 x2 x3 x4

1 3 0 6 7
0 0 1 −5 1

]

x1 + 3 x2 + 6 x4 = 7

→ x1 = 7− 3 c1 − 6 c2

x3 − 5 x4 = 1

→ x3 = 1 + 5 c2

To solve the system, start with x2 = c1 and x4 = c2. The full solution is

x =


x1

x2

x3

x4

 =



7− 3 c1 − 6 c2

c1

1 + 5 c2

c2

 =

xp

7
0
1
0

+c1 ·

x1

− 3
1
0
0

+c2 ·

x2

− 6
0
5
1


This system has infinitely many solutions.
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Solving Reduced Systems
Examples

Example

This reduced row echelon form system has no free variables.


x y z
1 0 0 −3
0 1 0 2
0 0 1 9
0 0 0 0



x =

xy
z

 =

−3
2
9


Our system is consistent with exactly one solution.
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Row Echelon Form Systems
Rouché-Capelli Theorem

Definition
Consider an augmented matrix in row echelon form.


x1 x2 x3 x4 x5

7 −3 5 −9 1 8
0 4 −3 10 2 −5
0 0 0 0 8 7
0 0 0 0 0 0


dependent = {x1, x2, x5}

free = {x3, x4}
consistent

Our language of dependent, free, and consistency directly carries over.
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Row Echelon Form Systems
Rouché-Capelli Theorem

Theorem (Rouché-Capelli Theorem)

The Rouché-Capelli Theorem applies to systems in row echelon form.

inconsistent
(no solutions) 9 4 3 1
0 7 2 5
0 0 0 6


foo

consistent
(one solution) 4 9 1 2
0 7 2 7
0 0 8 1



nullity(A)=0

consistent
(infinite solutions) 5 3 7 2

0 0 2 7
0 0 0 0



nullity(A)>0

The number of solutions to a consistent system is controlled by the nullity.
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The Rouché-Capelli Theorem applies to systems in row echelon form.

inconsistent
(no solutions) 9 4 3 1
0 7 2 5
0 0 0 6


foo

consistent
(one solution) 4 9 1 2
0 7 2 7
0 0 8 1


nullity(A)=0

consistent
(infinite solutions) 5 3 7 2

0 0 2 7
0 0 0 0


nullity(A)>0

The number of solutions to a consistent system is controlled by the nullity.



Row Echelon Form Systems
Back Substitution

Example

Here, {x1, x2} are dependent and x3 is free.

[ x1 x2 x3

− 2 −7 9 12
0 3 −15 6

]

− 2 x1 − 7 x2 + 9 x3 = 12

→ x1 = 12+7·(2+5 c1)−9 c1

−2

3 x2 − 15 x3 = 6

→ x2 = 2 + 5 c1

To solve the system, start with x3 = c1. The full solution is then

x =

 x1

x2

x3

 =



− 13− 13 c1

2 + 5 c1

c1

 =

xp

− 13
2
0

+ c1 ·

x1

− 13
5
1


This method is called back substitution.
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