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Linear Dependence

Definition
Definition
We call a list of vectors ¢ = {vi,va,...,v,} linearly dependent if

ci-vit+to-vot+...+cp-vp,=0

where at least one ¢; # 0.
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Here, A has linearly dependent columns and [ 4 6 0 —5 |7 € Null(A).
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This linear combination produces the zero vector
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12 43 21 0
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Example
The list {[-1312]T,[-19 17 43]T [-11 9 21]T} is linearly dependent because

-1 -19 —11 0
2. 3|1-3- 17 | +5- 91 =10
12 43 21 0

We can view this dependence geometrically.
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Examples
Example
The list {[-1312]T,[-19 17 43]T [-11 9 21]T} is linearly dependent because
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Linear Dependence

Examples

v3

Example
The list {[-1312]T [-19 17 43]T [-11 9 21]T} s linearly dependent because
13 23 i
= -19 —11 0
2- 3l —3- 17| +5- 9]l = (0
12 43 21 0
We can view this dependence geometrically.
5-v3
I/I 7
9'1/1 A— 3vs A V2



Linear Independence

Definition
Definition
We call a list of vectors ¢ = {v1,va,...,Vv,} linearly independent if

ca-vito-vot+...+c,-vp=0

only works when c; = ¢ =---=¢, =0.
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vi=[6 35 7] v,=[8 3 4 9] vz=[96 2 2]T
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Example
Let's determine if £ = {v1, vy, v3} is linearly independent where

vi=[6 35 7] v,=[8 3 4 9] vz=[96 2 2]T

The equation ¢1 - vi + ¢ - vo + ¢3 - vz = O gives a system

6ct +8c+9c3 =0
3c1 +3c +6c3=0
5¢1 +4c+2c3=0
7c1 +9c +2c3 =0
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Example
Let's determine if £ = {v1, vy, v3} is linearly independent where

o~ (@EED -8 34 9] va-[962 2]
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Let's determine if £ = {v1, vy, v3} is linearly independent where
vi=[6 35 7] wvu=[83 4 9] vs=[9 6 2 2]

The equation ¢1 - vi + ¢ - vo + ¢3 - vz = O gives a system

cl @ C3
6c1 +8c +9c3 =0 6 8 9|0
3ci +3c +6c3=0 3 3 6|0
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This forces ¢; = ¢ = c3 = 0, so £ is linearly independent!



Linear Independence

Examples

Example

Let's determine if £ = {v1, vy, v3} is linearly independent where
vi=[6 35 7] wvu=[83 4 9] vs=[9 6 2 2]

The equation ¢1 - vi + ¢ - vo + ¢3 - vz = O gives a system

C1 C C3 Cl C C3
6ct +8c+9c3 =0 0 1 0 00
3ci +3c +6c3=0 f 3 3 6/0f |01 0/0
5¢c+4c +2c=0 rret 15 4 2l0| = | 0 0 1/0
7c1+9c +2c3=0 7 9 2|0 0 0 0|0

T Null(A)={0}
This forces ¢; = ¢ = c3 = 0, so £ is linearly independent!
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Example
Suppose {v1, v2, v3} is independent and consider ¢ = {w1, wy, w3} where

w1 =Vv]— V2 Wy =V — V3 w3z =v3+ vy

Is ¢ is independent?
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Example
Suppose {v1, v2, v3} is independent and consider ¢ = {w1, wy, w3} where

w1 =Vv]— V2 Wy =V — V3 w3z =v3+ vy

Is ¢ is independent? Consider ¢; - wi + ¢ - wp + ¢3 - w3 = O, which is

C1-(V1—V2)+C2'(V2—V3)+C3-(V3+V1):0
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Suppose {v1, v2, v3} is independent and consider ¢ = {w1, wy, w3} where

Wi = V] — V2 Wy =V — V3 w3z =v3+ vy

Is ¢ is independent? Consider ¢; - wi + ¢ - wy + ¢3 - w3 = O, which is
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a-(vi—va)+ao-(va—v3)+ca-(vs3+vi)=0
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Suppose {v1, v2, v3} is independent and consider ¢ = {w1, wy, w3} where

Wi = V] — V2 Wy =V — V3 w3z =v3+ vy
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Examples
Example
Suppose {v1, v2, v3} is independent and consider ¢ = {w1, wy, w3} where

Wi = V] — V2 Wy =V — V3 w3 =v3+ vy
Is ¢ is independent? Consider ¢; - wi1 + ¢ - wo + ¢3 - w3 = O, which is

wi — w2 — w3 3.
a-(vi—vo)+ao-(vo—v3)+a-(vz+vi)=0
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Examples

Example
Suppose {v1, v2, v3} is independent and consider ¢ = {w1, wy, w3} where

Wi = V] — V2 Wy =V — V3 w3 =v3+ vy
Is ¢ is independent? Consider ¢; - wi1 + ¢ - wo + ¢3 - w3 = O, which is
wi _\L wo j w3 j
c-(vi—va)+a-(va—v3)+ca-(va+vi)=0
(C1+C3)'V1+(—C1+C2)'V2+(—C2—|—C3)'V3:0

Since {v1, v, v3} is independent, these coefficients must equal zero.
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Suppose {v1, v2, v3} is independent and consider ¢ = {w1, wy, w3} where

Wi = V] — V2 Wy =V — V3 w3 =v3+ vy

Is £ is independent? Consider ¢j - w1 + ¢ - wo + ¢3 - w3 = O, which is
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Since {v1, v, v3} is independent, these coefficients must equal zero.
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Linear Independence

Examples

Example
Suppose {v1, v2, v3} is independent and consider ¢ = {w1, wy, w3} where

Wi = V] — V2 Wy =V — V3 w3 =v3+ vy

Is ¢ is independent? Consider ¢; - wi1 + ¢ - wo + ¢3 - w3 = O, which is
w1 — wy — w3 —
c-(vi—va)+a-(va—v3)+ca-(va+vi)=0
(a+a)vit(-at+ta) vat(-2+tc) vs=0
c1+c3=0 4 —c1+c=0 4 —c+c3=0 4
Since {v1, v, v3} is independent, these coefficients must equal zero.

G Qa (SR e R ]

110 10 0[0
rref[—l 100}:[0100}
0-1 1|0 0 0 1[0



Linear Independence

Examples
Example
Suppose {v1, v2, v3} is independent and consider ¢ = {w1, wy, w3} where
Wi = V] — V2 Wy =V — V3 w3 =v3+ vy
Is ¢ is independent? Consider ¢; - wi1 + ¢ - wo + ¢3 - w3 = O, which is
w1 = wo -3 w3 -3
c-(vi—va)+a-(va—v3)+ca-(va+vi)=0

(a+a)vi+(-a+o) vot+(-a+c)-v3=0
c1+c3=0 4 —c1+c=0 4 —c+c3=0 4

Since {v1, v, v3} is independent, these coefficients must equal zero.

c1 C C3 C1 C2 C3
1 0 1|0 1 0 O[O
rref |:—1 1 0‘0:| = 0 T O[O ci=cp=c3=0
-1 1|0 U U T[OJ<— (¢ is independent!)




Rank and Independence

Theorem Statement

Theorem (The Linear Independence Test)
The columns of A are linearly independent if and only if nullity(A) = 0.

sBE MK EVE TS
rref [2 0 1] = [ 1] rref [ 5 5 10] = [oo o]
5.1 8 0

3—-4 7 00 O

OO
[ele) )



Rank and Independence

Theorem Statement

Theorem (The Linear Independence Test)
The columns of A are linearly independent if and only if nullity(A) = 0.

-3 1-1 —14 14 -28 10 1
rref é g—gﬂ rref[_g g—ig} _ [gg—g]

-1 8 3—-4 7 00 O



Rank and Independence

Theorem Statement

Theorem (The Linear Independence Test)
The columns of A are linearly independent if and only if nullity(A) = 0.

S _ % EVE TS
rref |23 i = o%]%ﬂ rfef[5 510] = [oo o]
8 00 3.2 7 00 0

—HONH

3[—
A A independent columns!
(nullity=0)




Rank and Independence

Theorem Statement

Theorem (The Linear Independence Test)
The columns of A are linearly independent if and only if nullity(A) = 0.

—3 —1 00 14 14 28
et |3 81°¢] — 0%10] rref[ —1(1,] _ [o- ]
3= 8 00@ 374 7 00 O

A A independent columns!
(nullity=0)

—HONH




Rank and Independence

Theorem Statement

Theorem (The Linear Independence Test)
The columns of A are linearly independent if and only if nullity(A) = 0.

Coly — Coly — Col3=0 -3
=8
rref ﬂ_%
3

I 00 1414 %alz
1ﬂ = o%]%ﬂ rref [ 710 0 .I
8 00 00

A A independent columns!
(nullity=0)

—HONH




Rank and Independence

Theorem Statement

Theorem (The Linear Independence Test)

The columns of A are linearly independent if and only if nullity(A) = 0.
Coly — Coly — Col3=0 -3
=3
rref ﬂ_%

= Y e
1ﬂ = o%]%ﬂ rref ﬂ _5 —1oﬂ 0 .I
31| 8 00 32 00

A A independent columns! g S S dependent columns!
(nullity=0) (nullity=1>0)

[$1]=))

HONH




Rank and Independence

Theorem Statement

Theorem (The Linear Independence Test)

The columns of A are linearly independent if and only if nullity(A) = 0.
Coly — Coly — Col3=0 —+

TR _ Me e e
rref o 9| 1 = o%]%ﬂ rref 25 5 10 00
3—1_8 00 34 00
A A independent columns! 4\—)'\—)'\— dependent columnsI

(nullity=0) (nullity=1>0)

Equivalently, having independent columns means having full column rank.



Rank and Independence

Theorem Statement

Example

Let's determine if £ = {v1, va, v3, va} is linearly independent where

vi=[4 5 17 vo=1[8 4 2|7 vg=[2 2 2]T wvu=[7 1 9|



Rank and Independence

Theorem Statement

Example

Let's determine if £ = {v1, va, v3, va} is linearly independent where
vi=[4 5 17 vo=1[8 4 2|7 vg=[2 2 2]T wvu=[7 1 9|

To do so, we can insert these vectors into the columns of a matrix

4181217
51412]1
112]12]9




Rank and Independence
Theorem Statement

Example
Let's determine if £ = {v1, va, v3, va} is linearly independent where
vi=[4 5 17 vo=1[8 4 2|7 vg=[2 2 2]T wvu=[7 1 9|

To do so, we can insert these vectors into the columns of a matrix

= o1 D
N &~ 0o

27
2 1
29



Rank and Independence

Theorem Statement

Example

Let's determine if £ = {v1, va, v3, va} is linearly independent where
vi=[4 5 17 vo=1[8 4 2|7 vg=[2 2 2]T wvu=[7 1 9|

To do so, we can insert these vectors into the columns of a matrix

7 8 e
5 4
T 2

<— rank<3

)

N nof o
of = ~




Rank and Independence

Theorem Statement

Example

Let's determine if £ = {v1, va, v3, va} is linearly independent where
vi=[4 5 17 vo=1[8 4 2|7 vg=[2 2 2]T wvu=[7 1 9|

To do so, we can insert these vectors into the columns of a matrix

7 8 e
5 4
T 2

<— rank<3

)

This matrix is not full column rank, so ¢ is dependent!

N nof o
of = ~




Rank and Independence

Consequences

Theorem
The pivot columns of a matrix are linearly independent.

11 63 —208 9 —111 329 —197 —475 1
3 16 —52 3 —29 86 —53 —120 0
£1-2-29 9 -4 51-151 90 219/ _ |0
FeT (216 48 -8 36 -103 72 118 = |0
4 17 -52 7 —-36 106 —70 —131 0

4 17 —-52 0 —22 76 —54 —103 0

[slelele) Y]

OOOO-h-b
[elele] Jole]
oooOoONdNW
[ele)l Jolele]
OHOOOO
|1
ONNOWN



Rank and Independence

Consequences

Theorem

The pivot columns of a matrix are linearly independent.

11
3
rref

4
4

63 —208 9 —111

-5 -29
—4-16

-52 3 -29 86
96 —4 51 —151
48 -8 36 —103

—52 7 —-36 106

-52 0 —-22 76

329 —197 —475

—-53 —120
90 219
72 118

—70 —131

—54 —103



Rank and Independence

Consequences

Theorem

The pivot columns of a matrix are linearly independent.

—208 —111 —475 0 40 3

—52 —29 —120 9—4 0 —2

f 96 51 2191 _ |0 09—2
rre 48 36 118( — (00 O 0
—52 —36 —131 00 00 O

—52 —22 —103 00 00 O



Rank and Independence

Consequences

Theorem

—208 —111
—52 —-29
96

The pivot columns of a matrix are linearly independent.
rref

—475 0 40 300-2
—120 9—40 —200 -3
51 2191 _ |0 09—2 00 O
48 36 118( — (00 O 090 -2
—52 —36 —131 00 00 O '—2
—52 —22 —103 00 00 0O 0
A A linearly independent!




Rank and Independence

Consequences

Theorem

The pivot columns of a matrix are linearly independent.

3 %6
rref :2 :12
4| 17
4| 17
LA

—475 0 40 300-2
—120 [%]—40—200 -3
90| 219 _ |0 0%]72 00 O
118 — (00 O 0[@0 -2
—131 00 00 O [%]—2
—103 00 00 0O 0

linearly independent!

The rank is the max number of independent vectors among the columns.



Rank and Independence

Consequences

Example
The nonpivot columns depend on the independent pivot columns.

= B~ O
AN O W
~N o O b
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Consequences

Example

The nonpivot columns depend on the independent pivot columns.
Col3=Col; + Col, 3

1 3(4

= B~ O
SN O
~N O ©



Rank and Independence

Consequences

Example

The nonpivot columns depend on the independent pivot columns.
Col3=Col; + Col, 3

1 3(4
9 019
4 216
1 67

Deleting the nonpivot columns does not change the column space!
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Example

The nonpivot columns depend on the independent pivot columns.
Col3=Col; + Col, 3

1 3(% 1 3 4
9 0]9 9 0 9
Coll 4 2lell = 4 2 6
1 6|7 16 7

Deleting the nonpivot columns does not change the column space!
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Example

The nonpivot columns depend on the independent pivot columns.
Col3=Col; + Col, 3

1 3(4 1 3
9 019 9 0
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1 6|7 1 6

Deleting the nonpivot columns does not change the column space!
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Example

The nonpivot columns depend on the independent pivot columns.
Col3=Col; + Col, 3

1 3(4 13
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Deleting the nonpivot columns does not change the column space!
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The nonpivot columns depend on the independent pivot columns.
Col3=Col; + Col, 3

1 3 4 1 3 Co\’b
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Coll 4 ofe]| = 4 2 &
1 6|7 16 Co,

Deleting the nonpivot columns does not change the column space!



	Linear Dependence
	Definition
	Examples

	Linear Independence
	Definition
	Examples

	Rank and Independence
	Theorem Statement
	Consequences


