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Motivation
Visual Description

Example

Can a basis {v1, v2} of V be converted to an orthonormal basis {q1,q2}?

v 1

v 2

w 2=

v 2−projw 1
(v 2)

w 1=v 1

w 2=v 2−projw 1
(v 2)

q 1=

w 1/‖w 1‖

q 2=

w 2/‖w 2‖

The Gram-Schmidt algorithm produces bases {w1,w2}
mutually orthogonal

and {q1,q2}
orthonormal
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Projections and Components
Vector Projections

Definition
Suppose V is one-dimensional so V = Span{v1}.

V

v 1
projv 1

(v)

v

projv1
(v) = v1(vᵀ

1v1)−1vᵀ
1v

=
〈v1, v〉
〈v1, v1〉

v1

vᵀ
1 v1=〈v1,v1〉

vᵀ
1 v=〈v1,v〉

So, for v1 =
[
3 1 5

]ᵀ
and v =

[
−7 9 1

]ᵀ
the projection is

projv1
(v) =

〈[3 1 5]ᵀ, [−7 9 1]ᵀ〉
〈[3 1 5]ᵀ, [3 1 5]ᵀ〉

3
1
5

 =

−3/5

−1/5

−1
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Projections and Components
Vector Components

Definition
The component of v in the direction of v1 is

compv1
(v) =

〈v1, v〉
‖v1‖

So, for v1 =
[
3 1 5

]ᵀ
and v =

[
−7 9 1

]ᵀ
we have

compv1
(v) =

〈[3 1 5]ᵀ, [−7 9 1]ᵀ〉
‖[3 1 5]ᵀ‖

=
−7√

35

Note that compv1
(v) is a scalar.
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Projections and Components
Vector Components

Theorem
Vector components are related to projections via the formulas

projv1
(v) = compv1

(v) · v1

‖v1‖
‖projv1

(v)‖ = |compv1
(v)|

Consequently, we have two visual archetypes.

v

v1
compv1

(v)>0

v

v 1

compv 1
(v)<0
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Gram-Schmidt Algorithm
Statement

Theorem (The Gram-Schmidt Algorithm)

Let {v1, . . . , vd} be a basis of V ⊂ Rn.

Define new vectors

w1 = v1 q1 = w 1/‖w 1‖

w2 = v2 − projw1
(v2) q2 = w 2/‖w 2‖

w3 = v3 − projw1
(v3)− projw2

(v3) q3 = w 3/‖w 3‖

wd = vd − projw1
(vd)− · · · − projwd−1

(vd) qd = wd/‖wd‖

Then {w1, . . . ,wd}
mutually orthogonal

and {q1, . . . ,qd}
orthonormal

are bases of V .
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Gram-Schmidt Algorithm
Example

Example

Consider the basis V = Span{v1, v2, v3} where

v1 = [0 −1 1 −1]ᵀ v2 = [1 −2 2 −2]ᵀ v3 = [−10 14 −13 9]ᵀ

Applying Gram-Schmidt to this basis gives

w1 = [0 −1 1 −1]
v1

ᵀ q1 = 1√
3
[0 −1 1 −1]ᵀ

w2 = [1 −2 2 −2]
v2

ᵀ − [0 −2 2 −2]
projw1

(v2)
ᵀ q2 = [1 0 0 0]ᵀ

= [1 0 0 0]ᵀ

w3 = [−10 14 −13 9]
v3

ᵀ − [0 12 −12 12]
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(v3)
ᵀ − [−10 0 0 0]
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(v3)
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14
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Calculating A = QR
Algorithm

Theorem
We can use the Gram-Schmidt algorithm to factor A as

A = QR

columns of Q obtained by applying

Gram-Schmidt to pivot columns of A

define R = QᵀA
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Calculating A = QR
Example

Example
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