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Reduced Row Echelon Form
Elementary Row Operations

Definition
There are three types of elementary row operations.

Row Switching r i ↔ r j

Switch r i and r j .

 5 8 1 3
2 3 4 1
3 6 5 4

 r1↔r3−−−−→

 5 8 1 3
2 3 4 1
3 6 5 4



Row Scaling c · r i → r i

Scale r i by c 6= 0.

 5 8
2 3
3 6

 3·r2→r2−−−−−→

 5 8
2 3
3 6


Row Addition r i + c · r j → r i

Add c · r j to r i .

 2 1 3
5 9 7
3 6 2

 r3+2·r1→r3−−−−−−−→

 2 1 3
5 9 7
3 6 2


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Reduced Row Echelon Form
Existence and Uniqueness of rref(A)

Theorem
Every matrix A can be row-reduced to one and only one rref(A).

A[
−9 18 20
−5 10 11

]
(−1/9)·r1→r1−−−−−−−−→

[
1 −2 −20/9

−5 10 11

]
r2+5·r1→r2−−−−−−−→

[
1 −2 −20/9

0 0 −1/9

]
−9·r2→r2−−−−−−→

[
1 −2 −20/9

0 0 1

]
r1+(20/9)·r2→r1−−−−−−−−−→

rref(A)

[
1 −2 0
0 0 1

]
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The Gauß-Jordan Algorithm
Description

The Gauß-Jordan Algorithm
To determine rref(A), start with i = j = 1.

Step 1 If ai j = 0, do r i ↔ rk where rk is the first row below r i where
akj 6= 0. If no such row exists, increase j by one and try again.

Step 2 Do 1/ai j · r i → r i to transform ai j into a pivot.
Step 3 Do rk − akj · r i → rk for every k 6= i where akj 6= 0.
Step 4 Increase i and j by one and return to Step 1.

The algorithm terminates after the last row or column is processed.
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The Gauß-Jordan Algorithm
Examples

Example
A −4 20 −12

−1 5 −3
5 −25 16



(−1/4)·r1→r1−−−−−−−−→

 1 −5 3
−1 5 −3

5 −25 16


r2 + r1 → r2
r3 − 5·r1 → r3−−−−−−−−−→

 1 −5 3
0 0 0
0 0 1


r2↔r3−−−−→

 1 −5 3
0 0 1
0 0 0


r1−3·r2→r1−−−−−−−→

rref(A)

 1 −5 0
0 0 1
0 0 0
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Rank and Nullity
Definitions

Definition
The pivot columns of A are where the pivots end up in rref(A).

rref


−3 12 10 −18 16
−2 8 5 −7 10
−4 16 12 −20 21

3 −12 −3 −3 −14


pivot columns

nonpivot columns

=


1 −4 0 −4 0
0 0 1 −3 0
0 0 0 0 1
0 0 0 0 0



The nonpivot columns of A are the other columns.
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Rank and Nullity
Properties

Theorem (Rank Theorems)
Every m × n matrix A satisfies

Rank-Nullity Theorem
rank(A) + nullity(A) = n

Rank-Transpose Theorem
rank(A) = rank(Aᵀ)

Rank-Gramian Theorem
rank(A) = rank(AᵀA)

These first two equations can be represented pictorially.

rank
(A)

null
ity(

A)

Rn rank(A)

nullity(Aᵀ
)

RmA
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Rank and Nullity
Properties

Example
Suppose A is 8 × 13 with nullity(A) = 6.

rank
(A) =

7

null
ity(

A) =
6

R13 rank(A) =

7

nullity(Aᵀ
) =

1

R8A

We also know that AᵀA is 13 × 13 with rank(AᵀA) = 7.
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Rank and Nullity
Properties

Definition (Rank Descriptors)
We have colloquialisms that describe the rank of an m × n matrix A.
full column rank rank(A) = n

full row rank rank(A) = m
full rank rank(A) = m or rank(A) = n

rank deficient rank(A) < m and rank(A) < n
nonsingular m = n and rank(A) = n

singular m = n and rank(A) < n
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Rank and Nullity
Properties

Example
Suppose the reduced row echelon forms of A, B, C , and D are

rref(A)=

[
1 0 −1
0 1 4

]
rref(B)=

[
1 3 0
0 0 1
0 0 0

]
rref(C)=

[
1 0 0
0 1 0
0 0 1

]
rref(D)=

[
1 3
0 0
0 0

]

This is enough information to apply our rank descriptors.

A B C D

full column rank 7 7 3 7

full row rank 3 7 3 7

full rank 3 7 3 7

rank deficient 7 3 7 3

nonsingular 7 7 3 7

singular 7 3 7 7
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Rank and Nullity
Properties

Theorem
The matrix A has the same column relations as rref(A).

rref

 2 6 0 −4
−3 −9 −4 −14

1 3 7 33


Col2 = 3 · Col1

Col4 = −2 · Col1 +5 · Col3

=

 1 3 0 −2
0 0 1 5
0 0 0 0


Col2 = 3 · Col1

Col4 = −2 · Col1 +5 · Col3
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Solving Linear Systems
Rouché-Capelli Theorem

Observation
Row operations on an augmented matrix represent equation arithmetic.

[ x y
1 2 3
3 4 0

]

r2−3·r1→r2−−−−−−−→
[ x y

1 2 3
0 −2 −9

]

(−1/2)·r2→r2−−−−−−−−→
[ x y

1 2 3
0 1 9/2

]

r1−2·r2→r1−−−−−−−→
[ x y

1 0 −6
0 1 9/2

]
The system has a unique solution given by x =

[
−6 9/2

]ᵀ.
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Solving Linear Systems
Rouché-Capelli Theorem

Rouchë-Capelli Theorem
Every system [A | b] falls into one of the following three categories.

Inconsistent (No Solutions)

rref

[
3 9 −13
1 3 −4

]
=

[
1 3 0
0 0 1

]
rank(A)<rank[A|b]

Consistent (One Solution)

rref

[
5 2 11
3 1 6

]
=

[
1 0 1
0 1 3

]
rank(A)=rank[A|b] & nullity(A)=0

Consistent (Infinite Solutions)

rref

[
4 12 8
3 9 6

]
=

[
1 3 2
0 0 0

]
rank(A)=rank[A|b] & nullity(A)>0

Moreover, [A | b] and rref[A | b] have the same solutions.



Solving Linear Systems
Examples

Example
Suppose we apply the Gauß-Jordan algorithm to the following system.

rref


x1 x2 x3 x4
3 −14 40 −20 34
2 −9 26 −13 22

−3 11 −34 17 −27

 =


x1 x2 x3 x4
1 0 4 −2 0
0 1 −2 1 0
0 0 0 0 1



The system is inconsistent and has no solutions.
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This system is consistent and nullity(A) = 0.
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The only solution is x =
[
7 −6 4 9 −1

]ᵀ.
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