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akj # 0. If no such row exists, increase j by one and try again.
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The GauB-Jordan Algorithm

Description

The GauB-Jordan Algorithm
To determine rref(A), start with i = j = 1.

Step 1 If a;; =0, do r; < ri where ry is the first row below r; where
akj # 0. If no such row exists, increase j by one and try again.

Step 2 Do 1/a; - rj — r; to transform aj; into a pivot.
Step 3 Do ry — ayj - ri — ry for every k # i where a;; # 0.
Step 4 Increase i and j by one and return to Step 1.

The algorithm terminates after the last row or column is processed.
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Properties

Theorem (Rank Theorems)

Every m x n matrix A satisfies

Rank-Nullity Theorem Rank-Transpose Theorem Rank-Gramian Theorem

rank(A) + nullity(A) = n  rank(A) = rank(AT)  rank(A) = rank(ATA)

These first two equations can be represented pictorially.
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We also know that ATA is 13 x 13 with rank(ATA) = 7.
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Rank and Nullity

Properties

Example
Suppose the reduced row echelon forms of A, B, C, and D are

rref(A [%]@ 4] rref (B [[CII] %]} rref(C)= [%]Oé]] rref(D)= [ 0}

This is enough information to apply our rank descriptors.

A B C D

full columnrank X X v X
full rowrank v X v X
full rank v X v X

rank deficient X v X
nonsingular X X V X
singular X v X X




Rank and Nullity

Properties

Theorem
The matrix A has the same column relations as rref(A).

2 6 0 -4 1 3 0 -2
rref| -3 -9 -4 —-14 | =0 01 5
1 3 7 33 0 0O 0
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Rank and Nullity

Properties

Theorem
The matrix A has the same column relations as rref(A).

2 6 0 -4 310 -2
rref | =31 —-9| -4 —-14 | =] 0(0 5
1 3 7 33 0(0]|0 0
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Rank and Nullity

Properties

Theorem
The matrix A has the same column relations as rref(A).

2 6 0 -4

rref | =3 -9| -4 14 | =
1 3 7 33

Col = 3- Coly - I T Cols = —2 Coly 45 Cols

CO|2 =3- CO|1




Properties

Rank and Nullity

Theorem

2 0
rref | =3 —4 =10
1 7

The matrix A has the same column relations as rref(A).

C0|2 =3 C0|1 j

0 0
Coly = —2- Coly 4+5 - Cols J\

I T o =2

Coly +5 - Cols
Colp, = 3 - Coly

DA



Solving Linear Systems

Rouché-Capelli Theorem

Observation
Row operations on an augmented matrix represent equation arithmetic.
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Solving Linear Systems

Rouché-Capelli Theorem

Observation
Row operations on an augmented matrix represent equation arithmetic.

Xy X Yy
2 l‘2 3"1—)!’2 2 3
4 0@ o

X

(=1/2)-ra—r2 |:

0
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Solving Linear Systems

Rouché-Capelli Theorem

Observation
Row operations on an augmented matrix represent equation arithmetic.

Xy X Yy
2 l‘2 3"1—)!’2 2 3
4 0@ o

X

(=1/2)-ra—r2 |:

0

@--
(e)

N w

| IR



Solving Linear Systems

Rouché-Capelli Theorem

Observation
Row operations on an augmented matrix represent equation arithmetic.

X

ENI IS
oEx
|
NN <
|

© w
| IS

‘ l‘2 3-ri—r; |:

X

—

GCy
w

—

(=1/2)-ra—r2 |:

0



Solving Linear Systems

Rouché-Capelli Theorem

Observation
Row operations on an augmented matrix represent equation arithmetic.

X

X

o
|
NN <
|
© W

| IS

FN ST N

l‘2 3-ri—r;

X

—

GCy
w

—

(=1/2)-ra—r2 |:

0

ri—2-rp—ry
e
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Rouché-Capelli Theorem

Observation
Row operations on an augmented matrix represent equation arithmetic.
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Rouché-Capelli Theorem

Observation
Row operations on an augmented matrix represent equation arithmetic.

X

FN ST N
~
l\.)
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>
l
S
| —— |
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N
w
)

12)-rp—r .. 3]
—>{ 3 |

r1—2~r2—>r1 0 _6 |
ccseen, (@) 0]




Solving Linear Systems

Rouché-Capelli Theorem

Observation
Row operations on an augmented matrix represent equation arithmetic.

X

FN ST N
~
l\.)
w
>
l
S
| —— |
()
N
w
)

12)-rp—r .. 3]
—>{ ot

r1—2~r2—>r1 O _6 |
e, (@

The system has a unique solution given by x = [—6 9/2]".




Solving Linear Systems

Rouché-Capelli Theorem

Rouché-Capelli Theorem
Every system [A | b] falls into one of the following three categories.

Inconsistent (No Solutions)

3 9|-13 (1) 3
<13 %]-Pom
rank(A)<rank[A|b]
Con5|stent (One Solution) Consistent (Infinite Solutions)
5 2 O 1 4 12 3
w[3 11|~ B ] (3 5[] (@2
rank(A)=rank[A|b] & nullity(A)=0 rank(A)=rank[A|b] & nuII|ty(A)>0

Moreover, [A | b] and rref[A | b] have the same solutions.



Solving Linear Systems

Examples

Example
Suppose we apply the GauB-Jordan algorithm to the following system.

X1 X2 X3 X4 X| Xo X3 Xa
3 —-14 40 -20 34 1 0 4 210
rref 2 -9 20 —13 22| = 0o 1 -2 1]0
-3 11 —-34 17 | =27 0 O 0 01
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Solving Linear Systems

Examples

Example
Suppose we apply the GauB-Jordan algorithm to the following system.

X1 X2 X3 X4 X1 X2 X3 X4

3 —14 40 20| 34 0 4 -210
rref | 2 —9 26 —13| 22| =| 0(1)-2 10

-3 11 -34 17| -27 0 0 0 o0f[1)



Solving Linear Systems

Examples

Example

Suppose we apply the GauB-Jordan algorithm to the following system.

X1 X2 X3

3 =14 40

rref 2 -9 26
-3 11 —-34

X1 X2 X3 X4

(1) 0 4 210
oCl)—2 1o
0 0 o0 o1

The system is inconsistent and has no solutions.



Solving Linear Systems

Examples
Example
Applying the GauB-Jordan algorithm here shows this system is consistent.

X1 X2 X3 X4 X1 Xo X3 X4
4 —15 72 —-57|428 1 0 3 0 5
rref 3 —11 53 —42] 316 _ 0 1 -4 0 7
3 -9 45 35| 267 0 O 0 1(-9
2 —12 54 —43313 0 O 0 0 0
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Examples
Example

Applying the GauB-Jordan algorithm here shows this system is consistent.

X1 X2 X3 X4 X1 X2 X3 X4

4 —15 72 57428 0 3 0| 5
vef | 3 11 53 —421316| . 0 7

3 -9 45 35267 o0(1] -9
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Solving Linear Systems

Examples
Example

Applying the GauB-Jordan algorithm here shows this system is consistent.

X1 X2 X3 X4 X1 X2 X3 X4

4 —15 72 57428 0 3 0| 5
vef | 3 11 53 —421316| . 0 7

3 -9 45 35267 o(C1) -9

2 —12 54 —43|313 0 o 0 0] 0

Here, nullity(A) =1 > 0.
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X1 X2 X3 X4 X1 X2 X3 X4
4 —15 72 —57|428
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X1 X2 X3 X4 X1 X2 X3 X4
4 —15 72 —57|428
3 —11 53 —42] 316
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Applying the GauB-Jordan algorithm here shows this system is consistent.

X1 X2 X3 X4 X1 X2 X3 X4
4 —15 72 —57|428
3 —11 53 —42] 316
mef 13 g 45 —35|0267| ~
2 —12 54 —43|313
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Solving Linear Systems

Examples
Example
Applying the GauB-Jordan algorithm here shows this system is consistent.

X1 X2 X3 X4 X1 X2 X3 X4
4 —15 72 —57|428
3 —11 53 —42] 316
mef 13 g 45 —35|0267| ~
2 —12 54 —43|313

Here, nullity(A) =1 > 0. There are infinitely many solutions given by

X1 5—-3a 5
x| 7T+4c . 7
x= X3 o (o] o 0 Ta
X4 -9 -9



Solving Linear Systems

Examples
Example
Applying the GauB-Jordan algorithm here shows this system is consistent.

X1 X2 X3 X4 X1 X2 X3 X4
4 —15 72 —57|428
3 —11 53 —42] 316
mef 13 g 45 —35|0267| ~
2 —12 54 —43|313

Here, nullity(A) =1 > 0. There are infinitely many solutions given by

X1 5—3C1 5 -3

X — X2 7T+4c . 7 Lo 4
o X3 o o] - 0 ! 1
X4 -9 -9 0



Solving Linear Systems

Examples

Example
This system is consistent and nullity(A) = 0.

rref

X1
[—5
-1
-2
-3
2

3

X2
-35
—4
—6
~16
8
20

X3
74
10
17
39
-21
—43

X4
159
20
32
83
—47
-92

X5
775
92
142
389
—216
—446

11277
145
236
589

—325

—653]

X

O OO O o=

X2

O OO oo

CDCDCDI—'C:'CDLEJ<
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Example
This system is consistent and nullity(A) = 0.

rref
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8
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17
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Solving Linear Systems

Examples

Example

This system is consistent and nullity(A) = 0.

X1
[—5
-1
-2
-3
2

3

rref

X2
-35
—4
—6
~16
8
20

X3
74
10
17
39
-21
—43

X4
159
20
32
83
—47
-92

The only solution is x = [7

X5
775
92
142
389
—216
—446

11277
145
236
589

—325

—653]

-6 4 9 -1,
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