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Vector Spaces
Definition

Definition
We call V ⊂ Rn a vector space if O ∈ V and

c1 · v1 + c2 · v2 ∈ V

whenever c1, c2 ∈ R and v1, v2 ∈ V .



Vector Spaces
Definition

Example

Consider the “upper half space” V = {
[
x y

]ᵀ ∈ R2 | y ≥ 0}.

v ∈ V

−v /∈ V

V

not a vector space!

Note that v =
[
−2 1

]ᵀ ∈ V but −v =
[
2 −1

]ᵀ
/∈ V .
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Vector Spaces
Fundamental Subspaces

Theorem
Null(A) is a vector space.

Proof.
First, O ∈ Null(A) since AO = O.

Then, v1, v2 ∈ Null(A) implies

A(c1 · v1 + c2 · v2) =

c1 · Av1 + c2 · Av2 = c1 ·O + c2 ·O = O

Av1=O Av2=O

This shows that c1 · v1 + c2 · v2 ∈ Null(A).
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Vector Spaces
Fundamental Subspaces

Theorem
Col(A) is a vector space.

Proof.
Suppose v1, v2 ∈ Col(A).

Then

c1 · v1 + c2 · v2 =

c1 · Ax1 + c2 · Ax2 = A(c1 · x1 + c2 · x2) ∈ Col(A)

v1=Ax1 v2=Ax2

Also, O ∈ Col(A) because AO = O.
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Converting Spaces
Null(A) into Col(B)

Example

To describe all vectors in Null(A), we start by row-reducing.

rref
[ 3 −6 1 18 −23
−2 4 0 −14 10
4 −8 −5 43 20

]A

=
[1 −2 0 7 −5
0 0 1 −3 −8
0 0 0 0 0

]

The vectors v ∈ Null(A) satisfy Av = O, and may be written as

v =

[
v1
v2
v3
v4
v5

]
=

[
2 c1−7 c2+5 c3

c1
3 c2+8 c3

c2
c3

]
= c1 ·

[2
1
0
0
0

]
+ c2 ·

[−7
0
3
1
0

]
+ c3 ·

[5
0
8
0
1

]

This shows that Null(A) = Span{[2 1 0 0 0]ᵀ, [−7 0 3 1 0]ᵀ, [5 0 8 0 1]ᵀ}, so

Null
[ 3 −6 1 18 −23
−2 4 0 −14 10
4 −8 −5 43 20

]A

= Col

[2 −7 5
1 0 0
0 3 8
0 1 0
0 0 1

]B
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Converting Spaces
Col(A) into Null(B)

Example

To describe all vectors v ∈ Col(A), we start by row-reducing [A | v ].[ 1 3 −11 5 2 v1
0 0 1 8 5 v2
−7 −21 77 −35 −14 v3
0 0 6 48 30 v4

]A v

 

[1 3 −11 5 2 v1
0 0 1 8 5 v2
0 0 0 0 0 7 v1+v3
0 0 0 0 0 −6 v2+v4

]
must equal zero

Every vector v ∈ Col(A) must satisfy

7 v1 + v3 = 0
− 6 v2 + v4 = 0

!

[
7 0 1 0
0 −6 0 1

]B [v1
v2
v3
v4

]
=

[
0
0

]
This shows that Col(A) = Null(B).
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