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For an m x n matrix A, we have Null(A) C R" and Col(A) C R™.
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These are called the four fundamental subspaces of A.
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Consequently, Null(AT) is often called the left null space of A.
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Consequently, Col(AT) is often called the row space of A.
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Example
It is generally easier to produce vectors in Col(A) and Col(AT).

12 -5 3
28 )= — . — [333]] 1|-[3]
[-5 —15 —10]T € Col(AT) R3 —— R? [2 4]7 € Col(A)

mef 262]=[000] —

[-3 1 0] e Null(A) @

It is generally harder to produce vectors in Null(A) or Null(AT).

12 12
rref |36 =00
24 00

2 —1]" € Null(AT)
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Definition

Example
Consider V = {v € R?|v =[x —2x]"}. Then vi,v, € V implies

Cl-Vi+C-Vvy=cC1- [Xl —2X1]T+62- [Xz —2X2]T

[Xl _2X1}T[X2_/I:2X2}T J = [C1X1 + ooxo —2c1x1 — 2 C2X2]T
= [C1X1 +ox —2(axi+ C2><2)]T
cy tB—x t— _2x

This shows that V is a vector space!
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Proof.
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Vector Spaces

Fundamental Subspaces

Theorem
Null(A) is a vector space.

Proof.

First, O € Null(A) since AO = O. Then, v1, v2 € Null(A) implies
Avi=0 — Avy;=0 g

Alaa-vi+ao -vi)=ca -Avi+ - -Avo=c-0+c-0=0

This shows that ¢; - vi + ¢ - vo € Null(A).
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Fundamental Subspaces

Theorem
Col(A) is a vector space.

Proof.
Suppose v1, vy € Col(A). Then

vi=Ax1 —3 vo=Ax> 1
C1-V1+C2'V2:Cl-AX1+C2-AX2:A(Cl-X1+C2-X2) € C0|(A)

Also, O € Col(A) because AO = O.
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To describe all vectors in Null(A), we start by row-reducing.

Aj(
3 — 1 18 23 5

6 -20 7-—
rref H—2 0—-14 10“ = F] 0[%]—3 —8}
4-8-5 43 20 0 0 0 0

The vectors v € Null(A) satisfy Av = O, and may be written as
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Example
To describe all vectors in Null(A), we start by row-reducing.

Aj(
3 — 1 18 23 5

6 —20 7-—
rref ﬂ—z 0-14 10“ = F’J] 03 —8}
4-8-5 43 20 0 00 0 O
The vectors v € Null(A) satisfy Av = O, and may be written as
%1 2c1—7c+5¢
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To describe all vectors in Null(A), we start by row-reducing.
A3

3—6 1 18-23 —20 7-5
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4-8-5 43 20 0 0 0 0
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2
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—7
0
3
1
0

—HO0WOU!

|

This shows that Null(A) = Span{[21000]T [-70310]T [50801]T}, so
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To describe all vectors in Null(A), we start by row-reducing.
A3

3—6 1 18-23 —20 7-5
rref H—2 4 0-14 IOH = 0[%]—3 —8}
4-8-5 43 20 0 0 0 0

The vectors v € Null(A) satisfy Av = O, and may be written as

%1 2c1—7c+5¢ —
V2 c1 0
v = [w] = [ 30+8c + o 3 +c3-
(o) (1)
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This shows that Null(A) = Span{[ZZ0omm]", [Fro=3=0|", FoBsoy '}, so
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To describe all vectors in Null(A), we start by row-reducing.
A3

3=6 1 1823 —20 7-5
rref H—z 4 0-14 10" = F’J] 03 —8}
4-8-5 43 20 0 00 0 O
The vectors v € Null(A) satisfy Av = O, and may be written as
V1 2c1—7c+5¢ —
e ca g
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To describe all vectors in Null(A), we start by row-reducing.
A3

3—6 1 18-23 —20 7-5
rref H—2 4 0-14 IOH = 0[%]—3 —8}
4-8-5 43 20 0 0 0 0

The vectors v € Null(A) satisfy Av = O, and may be written as
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A3 2=715

Null [=2 2 0-14 10| — Col o 38
ull [|= - = Co

H4—8—5 43 20“ g 1o




Converting Spaces
Col(A) into Null(B)

Example
To describe all vectors v € Col(A), we start by row-reducing [A | v].

1 3-— 5 2w 13-1152 vi
0 O 1 8 5lwn 00 185 va
—7 =21 77 —35 —14|vs| ™ [00 000| 7vi+vs
0 0 6 48 30|w 00 000|—6va+wvs




Converting Spaces
Col(A) into Null(B)

Example

To describe all vectors v € Col(A), we start by row-reducing [A | v|
A3

v—
13 -1152 %
00 185 Vo
100 000 7Tvitws
00 000|—6v+vy



Converting Spaces
Col(A) into Null(B)

Example

v—

To describe all vectors v € Col(A), we start by row-reducing [A | v].
A3
EEREE N

[=lele) g

8 —1% g E 2 must equal zero
0 000
0 000



Converting Spaces
Col(A) into Null(B)

Example

To describe all vectors v € Col(A), we start by row-reducing [A | v].
A v 3

T 3 —1I 5 2[v 13-1152 V1T

DD . (00 EF
—7 — 77 =35 —14|v3 vi+v3

0 0 6 48 30|wva 00 000[=6w V4(—|

Every vector v € Col(A) must satisfy

Tvi + v3 = 0
—6w + v = 0



Converting Spaces
Col(A) into Null(B)

Example

To describe all vectors v € Col(A), we start by row-reducing [A | v].
A v 3

T 3 —1I 5 2[v 13-1152 V1T

DD . (00 EF
—7 — 77 =35 —14|v3 vi+v3

0 0 6 48 30|wva 00 000[=6w V4(—|

Every vector v € Col(A) must satisfy

Tvi + v3 = 0
—6w + v = 0



Converting Spaces
Col(A) into Null(B)

Example

To describe all vectors v € Col(A), we start
A— v—_

T 3=IT 5 2w 13
0 0 1 8 5n 00
—7 —21 77 —35 —14|vs|| ~7 |00
0 0 6 48 30|w 00

Every vector v € Col(A) must satisfy
Tvi + v3 = 0 7

L2 %d

—6w + v = 0 0

by row-reducing [A | v].

-1 V1T must equal zero
V2

152

b Sl
vi+Vv3

0 SR —




Converting Spaces
Col(A) into Null(B)

Example

To describe all vectors v € Col(A), we start by row-reducing [A | v].
A3

v—
g') 8 _1% g E 2 must equal zero
~ 100 000
00 000
Every vector v € Col(A) must satisfy
7 %1

B3
+ w3 =
6w + v =

S (e

4= 1o



Converting Spaces
Col(A) into Null(B)

Example

To describe all vectors v € Col(A), we start by row-reducing [A | v].
A v 3

0 0 6 48 30w 00 Oooﬁ(—l
Every vector v € Col(A) must satisfy
B3
Tvi + v3 = 0 s 7 010 |:‘\g:|_|:0:|
—6v + vy = 0 0 -6 0 1})/|z| |0

This shows that Col(A) = Null(B).
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