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Linear ODEs
Tank Problems

Example

Consider a cascade of salt water tanks.

20 L 40 L
10 L/s 10 L/s 10 L/s

Initially, the salt content is 10 kg in Tank 1 and 30 kg in Tank 2.

1. Pure water is pumped into Tank 1 at a rate of 10 L/s.

2. Content in Tank 1 is mixed and pumped into Tank 2 at 10 L/s.

3. Content in Tank 2 is mixed and pumped out at 10 L/s.

How much salt is in each tank at time t?
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Linear ODEs
Tank Problems

Chemical Balance Law
rate of change = input rate− output rate

20 L 40 L
10 L/s 10 L/s 10 L/s

Let ui (t) be the mass of salt in the ith tank at time t.

u′1 = 0 kg salt
L · 10 L/s − u1 kg salt

20 L · 10 L/s = − 1
2u1

u′2 = u1 kg salt
20 L · 10 L/s − u2 kg salt

40 L · 10 L/s = 1
2u1 −

1
4u2

This is a linear system of ordinary differential equations.
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Linear ODEs
Tank Problems

Observation
Our system is of the form

u′1 = −1
2 u1 u1(0) = 10

u′2 = 1
2 u1 − 1

4 u2 u2(0) = 30

Defining u(t) =
[
u1(t) u2(t)

]⊺
allows us to write[

u′1
u′2

]u ′

=

[
− 1/2 0

1/2 −1/4

]A [
u1
u2

]u [
u1(0)
u2(0)

]u(0)

=

[
10
30

]u0

How do we solve this?
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Linear ODEs
Single-Variable Calc

Recall
The initial value problem

y ′ = k y y(0) = y0

is uniquely solved by y(t) =

y0 e
kt .

Question
Can exponentials help us solve u ′ = Au?
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Matrix Exponentials
Definition

Definition
Recall that the exponential function et = exp(t) may be written as

exp(t) =
∞∑
k=0

1

k!
tk Taylor series representation

The exponential of a square matrix A is

exp(A) =
∞∑
k=0

1

k!
Ak =

I + A+
1

2
A2 +

1

3!
A3 + · · ·

The exponential exp(A) is a square matrix with the same size as A.
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Matrix Exponentials
Definition

Theorem
Calculating the exponential of a diagonal matrix D is simple!

exp(D) = In + D +
1

2
D2 +

1

3!
D3 + · · · =

[
eλ1

eλ2

]

[
λ1

λ2

]

[
1

1

]

[
λ1

λ2

]

[
λ2
1/2

λ2
2/2

]

[
λ3
1/3!

λ3
2/3!

]

So, diagonalization A = XDX−1 rewards us with

exp(A) =
∞∑
k=0

1

k!
Ak =

X

( ∞∑
k=0

1

k!
Dk

)
X−1 = X exp(D)X−1

hard problem. . .

Ak = XDkX−1

easy problem!
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Matrix Exponentials
Example

Example

Consider the diagonalization[
20 54

− 9 −25

]A

=

[
− 2 −3

1 1

]X [
− 7 0

0 2

]D [
1 3

− 1 −2

]X−1

The matrix exponential exp(A) is then[

3 e2 − 2 e−7 6 e2 − 6 e−7

− e2 + e−7 − 2 e2 + 3 e−7

]exp(A)

=

[
− 2 −3
1 1

]X [
e−7 0
0 e2

]exp(D) [
1 3

− 1 −2

]X−1
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Solving ODEs
Formula

Theorem
The IVP u ′(t) = Au with u(0) = u0 has a unique solution given by

u(t) = exp(At)u0

Moreover, if A diagonalizes as A = XDX−1, then

u(t) = X exp(Dt)X−1u0

Exponentials solve systems of ODEs!
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Solving ODEs
Example

Example

Consider the diagonalization[
20 54

− 9 −25

]A

=

[
− 2 −3

1 1

]X [
− 7 0

0 2

]D [
1 3

− 1 −2

]X−1

The solution to u ′ = Au with u0 =
[
−3 1

]⊺
is[

− 3 e2 t

e2 t

]u(t)

=

[
− 2 −3
1 1

]X [
e−7 t 0
0 e2 t

]exp(D t) [
1 3

− 1 −2

]X−1 [
− 3
1

]u0
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Complex Eigenvalues
Euler’s Formula

Theorem (Euler’s Formula)
ea+b i =

ea · eb i

= ea ·
∞∑
k=0

1

k!
bk ik

= ea ·

{ ∑
k even

1

k!
bk ik +

∑
k odd

1

k!
bk ik

}

= ea ·

{ ∞∑
k=0

1

(2 k)!
b2 k i2 k +

∞∑
k=0

1

(2 k + 1)!
b2 k+1i2 k+1

}

= ea ·

{ ∞∑
k=0

(−1)k

(2 k)!
b2 k + i

∞∑
k=0

(−1)k

(2 k + 1)!
b2 k+1

}
= ea · {cos(b) + i sin(b)}
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Complex Eigenvalues
Euler’s Formula

Corollary (Parity Formula)
ea−b i = ea · {cos(−b) + i · sin(−b)}

= ea · {cos(b)− i · sin(b)}

Corollary (Euler’s Identity)
e i π = e0 · {cos(π) + i · sin(π)}

= −1
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Complex Eigenvalues
Example

Example

Consider the diagonalization[
1 −1
1 1

]A

=

[
i −i
1 1

]X [
1 + i 0

0 1− i

]D [
− i/2 1/2

i/2 1/2

]X−1

The solution to u ′ = Au with u0 =
[
0 2

]⊺
is

[

− 2 et sin(t)
2 et cos(t)

]u(t)

=

[
i −i
1 1

]X [
et · {cos(t) + i · sin(t)} 0

0 et · {cos(t)− i · sin(t)}

]exp(D t) [
− i/2 1/2

i/2 1/2

]X−1 [
0
2

]u0
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