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Math 218D-2

Problem. Consider the linear system of ordinary differential equations given by

u′
1 = −4u1 − u2 − u3 u1(0) = 2

u′
2 = 11u1 + u2 + 2u3 u2(0) = 0

u′
3 = 15u1 + 5u2 + 4u3 u3(0) = −10

Find the solution u(t) =
[
u1(t) u2(t) u3(t)

]⊺
to this initial value problem.

Solution. This initial value problem is of the form u′ = Au with u(0) = u0 where

A =

−4 −1 −1
11 1 2
15 5 4

 u0 =

 2
0

−10


The solution is given by u(t) = exp(At)u0. To find this solution, we hope that A diagonalizes as A =
XDX−1, which would allow us to write u(t) = X exp(Dt)X−1u0.

To diagonalize A, we start by calculating the characteristic polynomial

χA(t) =

∣∣∣∣∣∣
t+ 4 1 1
−11 t− 1 −2
−15 −5 t− 4

∣∣∣∣∣∣
r3+5·r1→r3==========

∣∣∣∣∣∣
t+ 4 1 1
−11 t− 1 −2

5 t+ 5 0 t+ 1

∣∣∣∣∣∣
= (t+ 1) ·

∣∣∣∣∣∣
t+ 4 1 1
−11 t− 1 −2

5 0 1

∣∣∣∣∣∣
r1 − r3 → r1
r2 + 2·r3 → r1
============ (t+ 1) ·

∣∣∣∣∣∣
t− 1 1 0
−1 t− 1 0
5 0 1

∣∣∣∣∣∣
= (t+ 1) ·

∣∣∣∣t− 1 1
−1 t− 1

∣∣∣∣
= (t+ 1) · (t2 − 2 t+ 2)

= (t+ 1)(t− (1 + i))(t− (1− i))

This factorization tells us that E-Vals(A) = {−1, 1 + i, 1− i}.
For λ = −1, the eigenspace is

EA(−1) = Null

−I3−A 3 1 1
−11 −2 −2
−15 −5 −5

 = Span


 0

1
−1


1



For λ = 1 + i, the eigenspace is

EA(1 + i) = Null

(1+i)·I3−Ai+ 5 1 1
−11 i −2
−15 −5 i− 3


r2 − i·r1 → r2
r3 + 5·r1 → r3
============ Null

 i+ 5 1 1
−5i− 10 0 −i− 2
5i+ 10 0 i+ 2


− 1/(i + 2)·r2 → r2

1/(i + 2)·r3 → r3
============== Null

i+ 5 1 1
5 0 1
5 0 1


= Span


 1
−i
−5


The last eigenspace is then EA(1− i) = EA(1 + i) = Span{

[
1 i −5

]⊺}.
Now, we know that A diagonalizes as A = XDX−1 where

X =

 0 1 1
1 −i i

−1 −5 −5

 det(X)
r3+r2→r3=========

∣∣∣∣∣∣
0 1 1
1 −i i
0 −i− 5 i− 5

∣∣∣∣∣∣ = −2i

The cofactor matrix of X is

C =



∣∣∣∣−i i
−5 −5

∣∣∣∣ −
∣∣∣∣ 1 i
−1 −5

∣∣∣∣ ∣∣∣∣ 1 −i
−1 −5

∣∣∣∣
−
∣∣∣∣ 1 1
−5 −5

∣∣∣∣ ∣∣∣∣ 0 1
−1 −5

∣∣∣∣ −
∣∣∣∣ 0 1
−1 −5

∣∣∣∣∣∣∣∣ 1 1
−i i

∣∣∣∣ −
∣∣∣∣0 1
1 i

∣∣∣∣ ∣∣∣∣0 1
1 −i

∣∣∣∣


=

10i −i+ 5 −i− 5
0 1 −1
2i 1 −1



Our diagonalization is then

A−4 −1 −1
11 1 2
15 5 4

 =

X 0 1 1
1 −i i

−1 −5 −5


D− 1

1 + i
1− i


X−1

1

−2i

 10i 0 2i
−i+ 5 1 1
−i− 5 −1 −1


The solution to our initial value problem is then

u(t) =

X 0 1 1
1 −i i

−1 −5 −5


exp(D t)e−t

et · {cos(t) + i · sin(t)}
et · {cos(t)− i · sin(t)}


X−1

1

−2i

 10i 0 2i
−i+ 5 1 1
−i− 5 −1 −1

 2
0

−10


=

 0 1 1
1 −i i

−1 −5 −5

e−t

et · {cos(t) + i · sin(t)}
et · {cos(t)− i · sin(t)}

01
1


=

 0 1 1
1 −i i

−1 −5 −5

 0
(cos (t) + i sin (t))et

(cos (t)− i sin (t))et


=

 2 cos (t) et

2 et sin (t)
−10 cos (t) et



2


