Matrix Exponentials Example

Math 218D-2

Problem. Consider the linear system of ordinary differential equations given by

up = —4du; —  us — usg u1(0) = 2
u'2 = 1lluy + us + 2usg U2 (0) = 0
uy = 15wy + BSus + 4dus uz(0) = -—10

Find the solution u(t) = [u1(t) wua(t) wus(t)] T to this initial value problem.

Solution. This initial value problem is of the form w' = Au with w(0) = ug where

-4 -1 -1 2
15 5 4 -10

The solution is given by wu(t) = exp(At)ug. To find this solution, we hope that A diagonalizes as A =
X DX~ which would allow us to write u(t) = X exp(Dt) X ~luy.
To diagonalize A, we start by calculating the characteristic polynomial

t44 1 1
xalt)=|-11 t—1 -2
15 -5 t—4

t+4 1 1

TeESTADTs | 1) 1 9

5t +5 0 t+1

t+4 11
=(t+1)-|—11 t—1 =2

) 0 1

7'1—27'3—)7'1 t—l 1 O
re + 273 — 71 (t—|—1) _1 t—l O
5 0 1

t—1 1

=Dy g

=({t+1)-(t*—2t+2)
=(t+1D{t—14+1))t—(1-1)

This factorization tells us that E-Vals(4) = {—1,1+14,1 —i}.

For A = —1, the eigenspace is
—I3—A
3 1 1 0
Ea(=1)=Null |-11 -2 —2| = Span 1
-15 -5 -5 -1



For A = 1+ i, the eigenspace is

(1+i)-Is—A
t+95 1 1
Ea(l4+4)=Null | —11 7 -2
-15 -5 i—-3
7‘2—57);‘7’1—>7'2 Z+5 1 1
LA Null [<5i—10 0 —i—2
5i+10 0 i+2
*1/<§+2)~T2HT2 t+5 1 1
Ma2Ts 278 Ny | 5 0 1
5 0 1
1
= Spang | —¢
=5
The last eigenspace is then £4(1 —4) = E4(1 + ) = Span{[1l i —5]T}.
Now, we know that A diagonalizes as A = XDX ! where
0 1 1 0 1 1
X=|1 —i i det(X) Z2EL22T |1 —i i| = —2
-1 -5 -5 0 —i—5 i—5
The cofactor matrix of X is
[ —1 1 1 i 1 —i
-5 =5 |-1 =5 -1 =5 ' . '
o ‘1 1 ‘0 1 ‘0 1 O R
-5 =5 -1 =5 -1 =5 9 1 1
1 1 B 0 1 0 1
i —i i 1 i 1 —i| |
Our diagonalization is then
A X D X1
-4 -1 -1 0 1 111 -1 107 0 2
11 1 2| = 1 — ) 1+ — | —t+5 1 1
15 ) 4 -1 -5 =5 1—1 —-1—-5 -1 -1
The solution to our initial value problem is then
_ X o exp(Dt) x—!
0 1 1] [e™? 107 0
ult)=1 1 —i i et - {cos(t) +i - sin(t)} —|—-i+5 1
-1 -5 —5]| et -{cos(t) —i-sin(t)}]| ' |-i-5 -1
0 1 1] [e™? 1710
=1 —i i et - {cos(t) + i - sin(t)} 1
-1 -5 =5][ et - {cos(t) —i-sin(t)}| |1
o 1 1] 0
=| 1 —i i |(cos(t)+isin(t))e’
-1 =5 —5] |(cos(t) —isin(t))e’
2 cos (t) e!
= 2e’ sin (t)
| —10 cos (t) €'

2

—10



