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The characteristic matrix of an n x n matrix A is Xa(t) =t I, — A.
T —, A Xa(7)

A scalar X is an eigenvalue of A if Xa(A\) = X - 1, — A is singular.

A =7 is an eigenvalue of A



Eigenvalues

Definitions

Observation
A scalar A is an eigenvalue of an n x n matrix A if and only if

rank(A- I, — A) <n nullity(A- [, — A) >0



Eigenvalues

Definitions

Observation
A scalar A is an eigenvalue of an n x n matrix A if and only if

rank(A- I, — A) <n nullity(A- [, — A) >0
So, to verify if )\ is an eigenvalue, we need to reduce A - [, — A.

80 —308 308
A= |14 53 56
—7 28 —25



Eigenvalues

Definitions

Observation
A scalar A is an eigenvalue of an n x n matrix A if and only if

rank(A- I, —A) <n nullity(A- [, — A) >0
So, to verify if )\ is an eigenvalue, we need to reduce A - [, — A.

80 —308 308 —84 308 -—-308 10
A=114 53 56| rref| —14 49 56 | =01
—7 28 —25 7 =28 21 00

OoON =



Eigenvalues

Definitions

Observation
A scalar A is an eigenvalue of an n x n matrix A if and only if

rank(A- I, —A) <n nullity(A- [, — A) >0
So, to verify if )\ is an eigenvalue, we need to reduce A - [, — A.
—4B—A —,
80 —308 308 —84 308 —308

A= |14 53 56 rref || — 14 49 56| =
-7 28 —25 7 —-28 21

o O

O = O
OoON =



Eigenvalues

Definitions

Observation
A scalar A is an eigenvalue of an n x n matrix A if and only if

rank(A- I, —A) <n nullity(A- [, — A) >0
So, to verify if )\ is an eigenvalue, we need to reduce A - [, — A.
—4.3—A —3
80 —308 308 —84 308 —308
A=1]14 —-53 56 rref || —14 49 56|l = | O
-7 28 —25 7 —28 21 0

O = O

OoON =



Eigenvalues

Definitions

Observation
A scalar A is an eigenvalue of an n x n matrix A if and only if

rank(A- I, —A) <n nullity(A- [, — A) >0
So, to verify if )\ is an eigenvalue, we need to reduce A - [, — A.
—4.3—A —3
80 —308 308 —84 308 —308 0 11
A= |14 -53 56| ref|[-14 49 56| =| 0@ 2
-7 28 —25 7 —28 21 00 O




Eigenvalues
Definitions

Observation

A scalar A is an eigenvalue of an n x n matrix A if and only if

rank(A- I, —A) <n nullity(A- [, — A) >0

So, to verify if A is an eigenvalue, we need to reduce A - [, — A

—4.-13—A —3 nullity(—4-—A)=1>0 3
80 —308 308 — 84 308 —308 . 11
A= |14 =53 56 rref || — 14 49 —-56 2

—7 28 —25 7 —28 21 0




Eigenvalues

Definitions

Observation

A scalar A is an eigenvalue of an n x n matrix A if and only if

rank(A- I, —A) <n nullity(A- [, — A) >0

So, to verify if A is an eigenvalue, we need to reduce A - [, — A
—4.3—A —3 nullity(—4-—A)=1>0 3
80 —308 308 —84 308 —308 . 11
A=114 53 56| rref || —14 49 56 2
-7 28 —25 7 —28 21 0

Here, we have shown that A = —4 is an eigenvalue of A.
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Example

Eigenvalues are rare!

3h-A—
13 —21 1 —10 21 -1 (Mo o
A= 1 —2 2| weflf =1 5 2| =|0(@o
~15 5 2 15 -5 1 0 0(1)

Here, we have shown that A = 3 is not an eigenvalue of A.
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Example

Sometimes, we can calculate rref(\ - [, — A) without row reducing.
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1
0
0

—4
0
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Coly=—4-Col; — T Colz=—2-Coly
Here, A = 6 is an eigenvalue of A and nullity(6 - 3 — A) = 2.
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Theorem
An n x n matrix A is singular if and only if A = 0 is an eigenvalue of A.
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An n x n matrix A is singular if and only if A = 0 is an eigenvalue of A.
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Theorem

An n x n matrix A is singular if and only if A = 0 is an eigenvalue of A.
A =0 is an eigenvalue —3

3 4 5 10 3
rref [| =2 1 —7]| =10 1 -1
5 9 6 0 0 0

Equivalently, A is nonsingular if and only if A = 0 is not an eigenvalue.
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The eigenvalues of this matrix are E-Vals(A) = {—114, 5}.
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54 8 236 75 75 150 271 715 —1152 446
—142 1 —378 —120 —195 —150 —286 —1492 2479 —647
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Since A = 0 is an eigenvalue, we know that A is singular!
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Properties
Triangular Matrices

Example
Consider the characteristic matrix of this upper triangular A.
th A
t 00 3 -8 9 t—3 8 -9
0t ol]l-|o0y 4 2| = 0 —2
0 0 t 0 0]-11 0 0

The eigenvalues are E-Vals(A) = {3,4, —11}.
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Here, the eigenvalues of A are E-Vals(A) = {—148,16,57,7}.
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Triangular Matrices

Theorem
The eigenvalues of a triangular matrix are the diagonal entries.

Here, the eigenvalues of A are E-Vals(A) = {—148,16,57,7}.
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Definition
The geometric multiplicity of X is gm4(\) = nullity(\ - I, — A).
—2h-A—  nullity(—2-5—A)=2 ——,

—22 20 -—-40 20 20 40 1f1]2
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Here, we find gm4(—2) = 2.
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Geometric Multiplicity

Definition

Example
Consider the data

—-30 56 -28

A= 71 119 57 E-Vals(A) = {—2,5}
—107 —172 —81

The geometric multiplicities are

—2) = ity [|-71 =121 —57 = ity 71 —114 87
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Geometric Multiplicity

Properties

Theorem
Suppose A is n x n with E-Vals(A) = {1, A2, ..., A\«}. Then

k <gma(A1) +gma(A2) + - +gma(Ae) < n

In particular, A has at most n eigenvalues.
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Properties

Example
Consider the data

7 6 —24
A=|-36 —23 84 E-Vals(A) = {—2,1,7}
—9 -6 22

The equation

implies that

gma(—2) =1 gma(l) =1 gma(7) =1
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