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Definition
An EA = R factorization is an equation of the form

E
m ×m nonsingular

A

m × n

= R
rref(A)
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EA = R Factorizations
Definition

Example

The following is an EA = R factorization

E− 2 4 −3
− 4 9 −2

3 −6 4


A 24 −168 2 62

10 −70 1 25
−3 21 0 −9

 =

R1 −7 0 3
0 0 1 −5
0 0 0 0



Note that E−1 exists since E is nonsingular. So, we could write

A 24 −168 2 62
10 −70 1 25
−3 21 0 −9

 =

E−1 24 2 19
10 1 8
−3 0 −2


R1 −7 0 3

0 0 1 −5
0 0 0 0


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EA = R Factorizations
Properties

Observation
Consider the EA = R factorization and the vector b given by

E 13 −12 26
− 5 1 −22
− 4 4 −7


A 81 20 −103

53 13 −68
− 16 −4 20

 =

R 1 0 −3
0 1 7
0 0 0

 b =

 −3
−1
−5



Studying Ax = b gives EAx = Eb, which reduces to Rx = Eb. 81 20 −103 −3
53 13 −68 −1
− 16 −4 20 −5


A b

 

 1 0 −3 −157
0 1 7 124
0 0 0 43


R Eb

inconsistent!

We have the simplification [A | b] [R | Eb].
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EA = R Factorizations
Properties

Obervation
Suppose that A is m × n with rank(A) = r and consider EA = R.

E
1 1 −8 24
− 1 0 5 −17

3 −1 −11 41
− 1 1 −3 6


A

− 3 12 −17
12 −48 49
13 −52 58

4 −16 18


4× 3 (r = 2)

=

R
1 −4 0
0 0 1
0 0 0
0 0 0


The last m − r rows of E are orthogonal to every column of A.
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EA = R Factorizations
Properties

Example

Consider the following EA = R factorization.

E[ 1 0 0 −4
−1 1 −4 3
0 1 −3 −1
−1 2 −4 3

] A[ 13 8 −14 −16 −19
0 −1 5 0 3
−1 −1 3 1 1
3 2 −4 −4 −7

]
=

R[1 0 2 0 9
0 1 −5 0 −3
0 0 0 1 7
0 0 0 0 0

]

For generic b =
[
b1 b2 b3 b4

]ᵀ
, we have the reduction[

13 8 −14 −16 −19 b1
0 −1 5 0 3 b2
−1 −1 3 1 1 b3
3 2 −4 −4 −7 b4

]A b

 

[
1 0 2 0 9 b1−4 b4
0 1 −5 0 −3 −b1+b2−4 b3+3 b4
0 0 0 1 7 b2−3 b3−b4
0 0 0 0 0 −b1+2 b2−4 b3+3 b4

]R Eb

need −b1 + 2 b2 − 4 b3 + 3 b4 = 0

Consistency of Ax = b hinges on b being orthogonal to the last row of E .
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Elementary Matrices
Definition

Definition
An elementary matrix is obtained from exactly one row operation on In.


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 r1↔r2−−−−→


0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1


elementary

[
1 0
0 1

]
(−1/9)·r2→r2−−−−−−−−→

[
1 0
0 −1/9

]elementary 1 0 0
0 1 0
0 0 1

 r1+3·r3→r1−−−−−−−→

 1 0 3
0 1 0
0 0 1


elementary

The product EA performs the relevant row operation on A.

E 0 0 1
0 1 0
1 0 0


(r1↔r3)

A −6 4 −2 2
−7 −3 −4 5
−9 −8 −10 8

 =

 −6 4 −2 2
−7 −3 −4 5
−9 −8 −10 8


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
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 r1↔r2−−−−→
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Elementary Matrices
Inverses

Observation
A row swap r i ↔ r j is reversed by r i ↔ r j .[3 −2 1 4

4 9 5 −3
2 7 14 12

]
r1↔r3−−−−→

[2 7 14 12
4 9 5 −3
3 −2 1 4

]
r1↔r3−−−−→

[3 −2 1 4
4 9 5 −3
2 7 14 12

]

A row scaling c · r i → r i is reversed by (1/c) · r i → r i .[6 −7 −5
1 2 −8

] 7·r1→r1−−−−−→
[42 −49 −35

1 2 −8
] (1/7)·r1→r1−−−−−−−→

[6 −7 −5
1 2 −8

]
A row addition r i + c · r j → r i is reversed by r i − c · r j → r i .[−4 −8 1

0 −1 0
−1 −1 1

]
r2+5·r3→r2−−−−−−−→

[−4 −8 1
−5 −6 5
−1 −1 1

]
r2−5·r3→r2−−−−−−−→

[−4 −8 1
0 −1 0
−1 −1 1

]
Elementary row operations are invertible!
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Elementary Matrices
Inverses

Elementary Matrices Are Invertible

The inverse of r i ↔ r j is r i ↔ r j .[1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

]r2↔r3
−1

=

[1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

]r2↔r3

The inverse of c · r i → r i is (1/c) · r i → r i .[1 0 0
0 1 0
0 0 −8

]−8·r3→r3
−1

=

[
1 0 0
0 1 0
0 0 −1/8

] (−1/8)·r3→r3

The inverse of r i + c · r j → r i is r i − c · r j → r i .[1 0 0
0 1 0
0 4 1

]r3+4·r2→r3
−1

=
[1 0 0
0 1 0
0 −4 1

] r3−4·r2→r3
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Calculating EA = R
Reinterpreting Gauß-Jordan

Observation
With Gauß-Jordan, we calculate R with elementary row operations.

A
op1−−→ A1

op2−−→ A2
op3−−→ A3 → · · ·

opk−−→ R

Each operation manifests as multiplication by an elementary matrix.

Ek · · ·E3E2E1

E

A

= R

By defining E = Ek · · ·E3E2E1 we obtain EA = R.
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Calculating EA = R
Example

Example

Consider the following implementation of the Gauß-Jordan algorithm.

A[1 2
4 9
0 1

] r2−4·r1→r2−−−−−−−→
[1 2
0 1
0 1

] r1 − 2·r2 → r1
r3 − r2 → r3−−−−−−−−−→

R[1 0
0 1
0 0

]

This gives the equation E3E2E1A = R.

E3[1 0 0
0 1 0
0 −1 1

] E2[1 −2 0
0 1 0
0 0 1

] E1[ 1 0 0
−4 1 0
0 0 1

] A[1 2
4 9
0 1

]
=

R[1 0
0 1
0 0

]
We then define E = E3E2E1 to obtain EA = R.

E[ 9 −2 0
−4 1 0
4 −1 1

] A[1 2
4 9
0 1

]
=

R[1 0
0 1
0 0

]
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