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Definition

Theorem
Every basis of a vector space has the same number of vectors!
$ T two vectors! T two vectors! & two vectors!

v =spanf [-2]. [¢]} = soan{ [ 28] [-4]} = span{ [3]. ]}

T dim(V)=2

This number is called the dimension of V.



Dimension

Definition

Example
To calculate dim(V/), we find a basis and count the number of vectors.



Dimension

Definition

Example
To calculate dim(V/), we find a basis and count the number of vectors.

A

1 —5 14 —23 —15 0-60—2

£l 3-14 38-65-43 —40 -2
FeT | _4 24 —72 109 69| = |0 0 1
-1 9-30 37 21 00 00 O



Dimension
Definition

Example
To calculate dim(V/), we find a basis and count the number of vectors.
A

CE EUEE
rref |22] 22 —72 69:| = [0® om 1}
—1| “o/—30 37 21 00 00 0

T A A pasis of Col(A)




Dimension
Definition

Example
To calculate dim(V/), we find a basis and count the number of vectors.
A

CE EUEE
rref |22] 22 —72 69:| = [0® om 1}
—1| “o/—30 37 21 00 00 0

T A& P pasis of Col(A)
Here, we have found a basis of Col(A).




Dimension
Definition

Example
To calculate dim(V/), we find a basis and count the number of vectors.
A

L e
rref |22] 22 —72 69:| = [0® om 1}
—1| “o/—30 37 21 00 00 0

T A& P pasis of Col(A)
Here, we have found a basis of Col(A).

can-sonf 1[4




Dimension
Definition

Example
To calculate dim(V/), we find a basis and count the number of vectors.

A

CE EUEE
rref |22] 22 —72 69:| = [0® om 1}
—1| “o/—30 37 21 00 00 0

T A& P pasis of Col(A)
Here, we have found a basis of Col(A).
ST T — T three basis vectors!

can-sonf 1 (4[4




Dimension
Definition

Example
To calculate dim(V/), we find a basis and count the number of vectors.

A

CE EUEE
rref |22] 22 —72 69:| = [0® om 1}
—1| “o/—30 37 21 00 00 0

T A& P pasis of Col(A)
Here, we have found a basis of Col(A).
ST T — T three basis vectors!

con-sof 1, (4[4

dim Col(A)=3




Dimension

Definition

Example
To calculate dim(V/), we find a basis and count the number of vectors.

A

L e
rref |22] 22 —72 69:| = [0® om 1}
—1| “o/—30 37 21 00 00 0

T A& P pasis of Col(A)
Here, we have found a basis of Col(A).
ST T — T three basis vectors!

con-sof 1, (4[4

dim Col(A)=3

The dimension is not necessarily the same as the number of coordinates.
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Definition

Example

Every vector in R" is a linear combination of the columns of /,,.
$ e ¥ e

1 0 0

N

R”=Spang ||, | |s---s |:

: : 0

dim(R™")=n T 0 0 1

We call {e1, ez, ..., e,} the standard basis of R".
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dim(V)=1
dim(V)=0

The only zero-dimensional vector space is V = Span{O}.

We view dim(V/) as a measurment of how “complicated” V is.

dim(V)=2
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€:{V1,V2,...,Vk}

If k > dim(V/), then ¢ is linearly dependent.
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Properties

Theorem
Suppose dim(V) = d and consider 8 = {vi,va,...,vq} in V.

Spanning Axiom Linear Independence Axiom

[Span{vl, O V] [{vl, ..., vg} linearly independent]

To check if B is a basis, we only need to verify one of these two axioms.
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Fundamental Subspaces

Dimensions
Theorem
The dimensions of the four fundamental subspaces are as follows.
Col(AT) = Span{pivot columns of AT} Col(A) = Span{pivot columns of A}

= Span{nonzero rows of rref(A)} )2 = Span{nonzero rows of rref(AT)}

Null(A) = Span{pivot sols to Av K> Null(AT) = Span{pivot sols to ATv = O}

This gives reinterpretations of the rank-nullity theorem.

(dim Col(AT) + dim Null(4) = n] (dim Col(A) + dim Null(AT) = m]

With one dimension, we can infer all dimensions!
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This A is in row echelon form, so we can quickly determine rank(A) = 3.

1 2
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R* — RS

= Sy

1

[elelelalN]

3
5
0
0
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Example
Is it possible for a matrix to have these properties?

1 -3 247[0 15 9TeCol(A1) 7, 3<2+21

A \R* R3

& [3 8 UL[2 5 3]" e Nul(an)

This matrix cannot exist!
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Dimension of Eigenspaces

Theorem
gmu(A) =dimEa(N)

Proof.
gmu(A) = nullity(X - [, — A) = dim Null(A - [, — A) = dim Ea(N)
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Example
Consider the data

37 -32 32
A= {32 -27 32} E-Vals(A) = {—3,5}

The eigenspace Ea(—3) is given by
—3h-A—,  rref(—3-5-A) —, < gma(=3)=1

—Z0 — 0 4 —4
Ea(=3) = Null [32.28 38 — Nuil [914] — span{ [F4] }
The eigenspace E4(5) is given by
~32 32 -32 6 00 1] [0
£a(5) = Null = Nutl g 90] = span{[1]. [ 9]}
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Consider the data

E-Vals(A) = {-3,5}

37 —32 32
A= {32 27 32}

The eigenspace Ea(—3) is given by
—3h-A—,  rref(—3-5-A) —, < gma(=3)=1

Ea(—3) = Null = Null = Span{ || }

The eigenspace E4(5) is given by
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Example
Consider the data

E-Vals(A) = {-3,5}

37 —32 32
A= {32 27 32}

The eigenspace Ea(—3) is given by
—3h-A—,  rref(—3-5-A) —, < gma(=3)=1

—Z0 — 04 —4
Ea(—3) = Null = Null = Span{ || }

The eigenspace E4(5) is given by
5- I3 A —+ rref(5-5—A) —. - gma(5)=2

9 =ron GEEER -vo [8 -o( )
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Definitions

Definition
The Betti numbers of a directed graph G are

Zeroth Betti Number First Betti Number

[ho(G) = number of connected components] [hl(G) = circuit rank]

The Euler characteristic is

Euler Characteristic

[X(G) = (number of nodes) — (number of arrows)]




Betti Numbers

Euler Characteristic

Theorem

Let A be the incidence matrix of a directed graph G.

R? — 2 R



Betti Numbers

Euler Characteristic

Theorem

Let A be the incidence matrix of a directed graph G.

R? — 2 R



Betti Numbers

Euler Characteristic

Theorem

Let A be the incidence matrix of a directed graph G.

R? — 2 R



Betti Numbers

Euler Characteristic

Theorem

Let A be the incidence matrix of a directed graph G.

R? — 2 R



Betti Numbers

Euler Characteristic

Theorem

Let A be the incidence matrix of a directed graph G.

R? — 2 R



Betti Numbers

Euler Characteristic

Theorem
Let A be the incidence matrix of a directed graph G.

Since rank(A) = rank(AT), we have n — hi(G) = m — ho(G), which gives



Betti Numbers

Euler Characteristic

Theorem
Let A be the incidence matrix of a directed graph G.

Since rank(A) = rank(AT), we have n — hi(G) = m — ho(G), which gives

(x(6) = ho(G) — m(6))
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Euler Characteristic

Example
We can use the Euler characteristic to calculate hi(G).

® @
T~ TR~ T AL W LN

X(G):ho(G)—hl(G) an a3 ae daa l

\ /oY
® © 06
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