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Dimension
Definition

Theorem
Every basis of a vector space has the same number of vectors!

V = Span
{[ 1

−3
5

]
,
[−2

8
1

]}
= Span

{[−4
14
−9

]
,
[ 3
−11

4

]}
= Span

{[−5
19
−3

]
,
[−3
11
−4

]}two vectors! two vectors! two vectors!

dim(V )=2

This number is called the dimension of V .
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Dimension
Definition

Example

To calculate dim(V ), we find a basis and count the number of vectors.

rref

A[ 1 −5 14 −23 −15
3 −14 38 −65 −43

−4 24 −72 109 69
−1 9 −30 37 21

]
basis of Col(A)

=

[1 0 −6 0 −2
0 1 −4 0 −2
0 0 0 1 1
0 0 0 0 0

]
Here, we have found a basis of Col(A).

Col(A) = Span

{[ 1
3

−4
−1

]
,

[ −5
−14
24
9

]
,

[−23
−65
109
37

]}three basis vectors!

dimCol(A)=3

The dimension is not necessarily the same as the number of coordinates.
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Dimension
Definition

Example

Every vector in Rn is a linear combination of the columns of In.

Rn = Span



1
0
0

0

,

0
1
0

0

, . . . ,

0
0

0
1




e1 e2 en

dim(Rn)=n

We call {e1, e2, . . . , en} the standard basis of Rn.
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Dimension
Properties

Example

We view dim(V ) as a measurment of how “complicated” V is.

dim(V )=0

dim(V )=1 dim(V )=2

The only zero-dimensional vector space is V = Span{O}.
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Dimension
Properties

Theorem
Consider a list of vectors ℓ in a vector space V given by

ℓ = {v1, v2, . . . , vk}

If k > dim(V ), then ℓ is linearly dependent.



Dimension
Properties

Theorem
Suppose dim(V ) = d and consider β = {v1, v2, . . . , vd} in V .

Span{v1, . . . , vd} = V

Spanning Axiom

{v1, . . . , vd} linearly independent

Linear Independence Axiom

To check if β is a basis, we only need to verify one of these two axioms.



Fundamental Subspaces
Dimensions

Theorem
The dimensions of the four fundamental subspaces are as follows.

Col(
A
⊺ )

rank
(A)

Nul
l(A)

null
ity(

A)

Rn Col(A)

rank(A)

Null(A⊺
)

nullity(A⊺
)

RmA

Col(A) = Span{pivot columns of A}
= Span{nonzero rows of rref(A⊺)}

Col(A⊺) = Span{pivot columns of A⊺}
= Span{nonzero rows of rref(A)}

Null(A⊺) = Span{pivot sols to A⊺v = O}Null(A) = Span{pivot sols to Av = O}

This gives reinterpretations of the rank-nullity theorem.

dimCol(A⊺) + dimNull(A) = n dimCol(A) + dimNull(A⊺) = m

With one dimension, we can infer all dimensions!



Fundamental Subspaces
Dimensions

Theorem
The dimensions of the four fundamental subspaces are as follows.

Col(
A
⊺ )

rank
(A)

Nul
l(A)

null
ity(

A)

Rn Col(A)

rank(A)

Null(A⊺
)

nullity(A⊺
)

RmA

Col(A) = Span{pivot columns of A}
= Span{nonzero rows of rref(A⊺)}

Col(A⊺) = Span{pivot columns of A⊺}
= Span{nonzero rows of rref(A)}

Null(A⊺) = Span{pivot sols to A⊺v = O}Null(A) = Span{pivot sols to Av = O}

This gives reinterpretations of the rank-nullity theorem.

dimCol(A⊺) + dimNull(A) = n dimCol(A) + dimNull(A⊺) = m

With one dimension, we can infer all dimensions!



Fundamental Subspaces
Dimensions

Theorem
The dimensions of the four fundamental subspaces are as follows.

Col(
A
⊺ )

rank
(A)

Nul
l(A)

null
ity(

A)

Rn Col(A)

rank(A)

Null(A⊺
)nullity(A⊺
)

RmA

Col(A) = Span{pivot columns of A}
= Span{nonzero rows of rref(A⊺)}

Col(A⊺) = Span{pivot columns of A⊺}
= Span{nonzero rows of rref(A)}

Null(A⊺) = Span{pivot sols to A⊺v = O}Null(A) = Span{pivot sols to Av = O}

This gives reinterpretations of the rank-nullity theorem.

dimCol(A⊺) + dimNull(A) = n dimCol(A) + dimNull(A⊺) = m

With one dimension, we can infer all dimensions!



Fundamental Subspaces
Dimensions

Theorem
The dimensions of the four fundamental subspaces are as follows.

Col(
A
⊺ )

rank
(A)

Nul
l(A)

null
ity(

A)

Rn Col(A)rank(A)

Null(A⊺
)nullity(A⊺
)

RmA

Col(A) = Span{pivot columns of A}
= Span{nonzero rows of rref(A⊺)}

Col(A⊺) = Span{pivot columns of A⊺}
= Span{nonzero rows of rref(A)}

Null(A⊺) = Span{pivot sols to A⊺v = O}Null(A) = Span{pivot sols to Av = O}

This gives reinterpretations of the rank-nullity theorem.

dimCol(A⊺) + dimNull(A) = n dimCol(A) + dimNull(A⊺) = m

With one dimension, we can infer all dimensions!



Fundamental Subspaces
Dimensions

Theorem
The dimensions of the four fundamental subspaces are as follows.

Col(
A
⊺ )

rank
(A)

Nul
l(A)

null
ity(

A)

Rn Col(A)rank(A)

Null(A⊺
)nullity(A⊺
)

RmA

Col(A) = Span{pivot columns of A}
= Span{nonzero rows of rref(A⊺)}

Col(A⊺) = Span{pivot columns of A⊺}
= Span{nonzero rows of rref(A)}

Null(A⊺) = Span{pivot sols to A⊺v = O}Null(A) = Span{pivot sols to Av = O}

This gives reinterpretations of the rank-nullity theorem.

dimCol(A⊺) + dimNull(A) = n dimCol(A) + dimNull(A⊺) = m

With one dimension, we can infer all dimensions!



Fundamental Subspaces
Dimensions

Theorem
The dimensions of the four fundamental subspaces are as follows.

Col(
A
⊺ )

rank
(A)

Nul
l(A)

null
ity(

A)

Rn Col(A)rank(A)

Null(A⊺
)nullity(A⊺
)

RmA

Col(A) = Span{pivot columns of A}
= Span{nonzero rows of rref(A⊺)}

Col(A⊺) = Span{pivot columns of A⊺}
= Span{nonzero rows of rref(A)}

Null(A⊺) = Span{pivot sols to A⊺v = O}Null(A) = Span{pivot sols to Av = O}

This gives reinterpretations of the rank-nullity theorem.

dimCol(A⊺) + dimNull(A) = n dimCol(A) + dimNull(A⊺) = m

With one dimension, we can infer all dimensions!



Fundamental Subspaces
Dimensions

Theorem
The dimensions of the four fundamental subspaces are as follows.

Col(
A
⊺ )

rank
(A)

Nul
l(A)

null
ity(

A)

Rn Col(A)rank(A)

Null(A⊺
)nullity(A⊺
)

RmA

Col(A) = Span{pivot columns of A}
= Span{nonzero rows of rref(A⊺)}

Col(A⊺) = Span{pivot columns of A⊺}
= Span{nonzero rows of rref(A)}

Null(A⊺) = Span{pivot sols to A⊺v = O}Null(A) = Span{pivot sols to Av = O}

This gives reinterpretations of the rank-nullity theorem.

dimCol(A⊺) + dimNull(A) = n dimCol(A) + dimNull(A⊺) = m

With one dimension, we can infer all dimensions!



Fundamental Subspaces
Examples

Example

This A is in row echelon form, so we can quickly determine rank(A) = 3.

Col(
A
⊺ )

dim
=3

Nul
l(A)

dim
=1

Rn Col(A)

dim=3

Null(A⊺
)

dim=2

Rm

[7 3 11 2
0 5 −2 15
0 0 0 −9
0 0 0 0
0 0 0 0

]
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Fundamental Subspaces
Examples

Example

Is it possible for a matrix to have these properties?

Col(
A
⊺ )

dim
≥2

Nul
l(A)

dim
≤2

Rn Col(A)

dim≥2

Null(A⊺
)

dim≥2

RmA

[
1 −3 2 4

]⊺
,
[
0 1 5 9

]⊺ ∈ Col(A⊺)

[
3 8 1

]⊺
,
[
2 5 3

]⊺ ∈ Null(A⊺)

3<2+2

This matrix cannot exist!
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Geometric Multiplicity
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Example

Consider the data

A =
[ 37 −32 32
32 −27 32
−8 8 −3

]
E-Vals(A) = {−3, 5}

The eigenspace EA(−3) is given by

EA(−3) = Null
[−40 32 −32
−32 24 −32

8 −8 0

]−3·I3−A
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[1 0 4
0 1 4
0 0 0

]rref(−3·I3−A)

= Span
{[−4

−4
1

] gmA(−3)=1}
The eigenspace EA(5) is given by

EA(5) = Null
[−32 32 −32
−32 32 −32

8 −8 8

]5·I3−A

= Null
[1 −1 1
0 0 0
0 0 0

]rref(5·I3−A)

= Span
{[1

1
0

]
,
[−1

0
1

]gmA(5)=2}
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Betti Numbers
Definitions

Definition
The Betti numbers of a directed graph G are

h0(G ) = number of connected components

Zeroth Betti Number

h1(G ) = circuit rank

First Betti Number

The Euler characteristic is

χ(G ) = (number of nodes)− (number of arrows)

Euler Characteristic
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Betti Numbers
Euler Characteristic

Theorem
Let A be the incidence matrix of a directed graph G.

Col(
A
⊺ )

dim
=n−h1(

G)

Nul
l(A)

dim
=h1(

G)

Rn Col(A)

dim=m−h0 (G)

Null(A⊺
)

dim=h0 (G)

RmA

Since rank(A) = rank(A⊺), we have n − h1(G ) = m − h0(G ), which gives

χ(G ) = h0(G )− h1(G )
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Betti Numbers
Euler Characteristic

Example

We can use the Euler characteristic to calculate h1(G ).

χ(G ) = h0(G )− h1(G )

5−6=−1 2 3

v1

v2

v3

v4 v5

a1 a2 a3 a4a6
a5
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