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We say A'is similar to B (and write A ~ B) |f A= XBX! for some X.

This equation relates A and B in several interesting ways. For instance
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Similar Matrices

Definition

Definition

We say A'is similar to B (and write A ~ B) |f A= XBX! for some X.

This equation relates A and B in several interesting ways. For instance
A =

(XBX1)(XBX™1) = XBX"1XBX~! = XB2X~!
[—"
In general, Ak = XBkKX~1.
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trace(A) = trace(B)
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Similar Matrices

Properties
Theorem

Common Trace

Suppose A~ B so A= XBX™L. Then xa(t) = xs(t). Consequently,

Common Determinant

Common Eigenvalues Common Alg-Mults

Moreover, the eigenspaces are related Ea(\) = X - Eg(N)

eigenvectors of A are eigenvectors of B multipled by X
Common Rank

Consequently,

Common Geo-Mults
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Example
Consider A ~ B where

A X B X1
74 —-52 112 -1 2 -8 0 0 O -3 2 —4
131 —92 198 | = 1 3 —-14 1 0 O —-13 9 -22
10 -7 15 10 -1 2 1 -3 -3 2 =5

T rank(B)=2



Similar Matrices

Properties

Example
Consider A ~ B where

O W N X

-3 2
—13 9

-3 2
T rank(B)=2

—4
—22
-5

i
S
el
?



Similar Matrices
Properties

Example

Consider A ~ B where

A X B X1
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131 —92 198 | = 1 3 —-14 1 0 —-13 9 -22
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T trace(B)=-3
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T det(B)=0
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T det(4)=0
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Consider A ~ B where

A X B X1
74 —-52 112 -1 2 -8 0 O -3 2 —4
131 —92 198 | = 1 3 —-14 0 —-13 9 -22
10 -7 15 10 -1 -3 2 =5

T gms(0)=1
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A B X
74 —-52 112 -1 -8 0 O -3 2 —4
131 —92 198 || = 1 —14 0 —-13 9 -22
10 —7 15 -1 -3 2 =5

T gma(0)=1 T gmp(0)=1
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A X B X1
74 —-52 112 -1 2 -8 0 O -3 2 —4
131 —92 198 | = 1 3 —-14 0 —-13 9 -22
10 -7 15 10 -1 -3 2 =5
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Consider A ~ B where

A
74 —-52 112
131 92 198 || =
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The eigenvalues of B are E-Vals(B) = {—3,0} and the eigenspaces are

Eg(—3)=Span{[ 0 0 1]7}
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Example
Consider A ~ B where

A
74 —-52 112 -1
131 —92 198 | = 1

10 -7 15 1

-1

B X
-8 00 O -3 2 —4
—14 10 O —-13 9 -22
-1 21 -3 -3 2 =5

The eigenvalues of B are E-Vals(B) = {—3,0} and the eigenspaces are

O W N X

Ee(—3)=Span{[ 0 0 1]"}  &g(0)=Span{[ 0 3 1]7}
The relationship £a(\) = X - Eg() tells us that

Ea(—3)=Span{X-[0 0 1]7}
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Example
Consider A ~ B where

A
74 —-52 112 -1
131 —92 198 | = 1

Xfl

B
-8 00 O -3 2 —4
—14 10 O —-13 9 -22
-1 21 -3 -3 2 =5

The eigenvalues of B are E-Vals(B) = {—3,0} and the eigenspaces are

Ep(—3) = Span{[M]T} Ep(0) =Span{[ 0 3 1 ]T}
The relationship £a(\) = X - Eg() tells us that

£a(—3) =Span{X - [(0_0_1)|"}
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A
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131 —92 198 | = 1
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-8 00 O -3 2 —4
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-1 21 -3 -3 2 =5

The eigenvalues of B are E-Vals(B) = {—3,0} and the eigenspaces are

O W N X

10 -7 15 1

Ee(—3)=Span{[ 0 0 1]"}  &g(0)=Span{[ 0 3 1]7}
The relationship £a(\) = X - Eg() tells us that
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Example
Consider A ~ B where

A
74 —-52 112 -1
131 —92 198 | = 1

—1

B X
-8 00 O -3 2 -4
10 0 —-13 9 -22
! 2 1 -3 -3 2 =5

The eigenvalues of B are E-Vals(B) = {—3,0} and the eigenspaces are

Ep(—3)=Span{[ 0 0 1]7}  &g(0)= Span{[]T}

The relationship £a(\) = X - Eg() tells us that

Ea(—=3)=Span{X-[0 0 1]} &a(0)=Span{X- []T}

=Span{[-8 —14 —1]"}
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Properties

Example

Consider A ~ B where

A
74 —-52 112 -1
131 —92 198 | = 1

—1

O W NIx
|
[y
S

10 -7 15 1

The eigenvalues of B are E-Vals(B) = {—3,0} and the eigenspaces are

Ep(—3)=Span{[ 0 0 1]7}  &g(0)= Span{[]T}

The relationship £a(\) = X - Eg() tells us that

Ea(—=3)=Span{X-[0 0 1]} &a(0)=Span{X- []T}
=Span{[-8 —14 —1]"} =Span{[-2 -5 -1]7}

B X
-8 00 O -3 2
10 0 —-13 9 -22
! 2 1 -3 -3 2 =5

—4

|
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Definition

We say that A is diagonalizable if A is similar to a diagonal matrix.

-13 -8 16 -12 1
32 31 -8 -8 0

8 16 19 -28 2

24 32 16 -33 2

0
1
2
2

2

o oo

o O = O

o w oo

~N O O o
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-2
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Definition

Definition

We say that Als d/agonallzable if Ais 5|m|Iar to a dlagonal matrlx

E-Vals(A

0
)={-5,-1,3,7} =

E-Vals(D) =

{57137}—"*



Diagonalizable Matrices
Definition

Definition

We say that Als d/agonallzable if Ais 5|m|Iar to a dlagonal matrlx
E-Vals(A

)={-5,-1,3,7} =

0
0 0
0

0
E-Vals(D) = { 51 37}—"*
The diagonal entries of D are the eigenvalues of Al
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Consider the diagonalization
A X—= D— X1 3
62 84 4 7)1 : 0 —b =7
—45 —61 -3 -5 { 0 2} 3 4

E-Vals(D) = {—1,2} =&




Diagonalizable Matrices

Examples

Example
Consider the diagonalization
A X—= D— X1—
62 84l 4 7)1 : 0 -5 7
—45 —61)| || -3 -5 { 012 } 3 4

E-Vals(A) = {—1,2} =&

E-Vals(D) = {—1,2} =&
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Examples
Example
Consider the diagonalization
A X—= D— X1 3
62 84l 4 7 —110 -5 —7
—45 —61) || -3 -5 { 0:2]} 3 4
E-Vals(A) = {—1,2} =& E-Vals(D) = {—1,2} =&

The nth power of A is

Emas i ie -+ 8 NN | (U

—7
4
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Diagonalizable Matrices

Examples
Example
Consider the diagonalization
A X—= D— X1 3
62 84 4 7 —110 —b =7
—45 —-61)| |l -3 -5 012 3 4
E-Vals(A) = {—1,2} =& E-Vals(D) = {—1,2} =&
The nth power of A is
A X 2 X1

—20 (1) t21.2" —28-(-1)"+28-2" 7 015
15-(-1)"—15.2"  21.(-1)"—20-27)| || =3 —5 0 3
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A (upper triangular) —,
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only eigenvalue is A =0 =
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Warning

Some matrices are not diagonalizable.
A (upper triangular) - D—.

U @B E

only eigenvalue is A =0 =
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Warning
Some matrices are not diagonalizable.
A (upper triangular) - D—.

0 1 0 0
{%0: X 0 0

X—l

only eigenvalue is A =0 =
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Some matrices are not diagonalizable.
A (upper triangular) - D—.

0 1 0 0
{%0: X 0 0

only eigenvalue is A =0 =

00
00
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Examples
Warning
Some matrices are not diagonalizable.
A (upper triangular) - D—.

0 1 0 0
{%0# X 00

only eigenvalue is A =0 =

00
00



Diagonalizable Matrices

Examples

Warning

Some matrices are not diagonalizable.
A (upper triangular) - D—.

0 1 0 0
{%0# X 00

only eigenvalue is A =0 =
This A is not similar to any diagonal matrix.

00
00
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Consider the diagonalization

A

4 11 11
—33 —40 -33| =
33 33 206

1
-1
0

|
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-33 —-40 -33|=| -1 2 =3
33 33 206 0 -1 3

The eigenspaces of D are

|

Ep(~=7)=Span{[1 0 0]",[0 1 0]"} &p(4)=Span{[0 0 1]7}
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Diagonalizable Matrices

Examples

Example
Consider the diagonalization

A X D

4 11 11 1 -1 1 —
-33 —-40 -33|=| -1 2 =3
33 33 206 0 -1 3

The eigenspaces of D are

|

Ep(~=7)=Span{[1 0 0]",[0 1 0]"} &p(4)=Span{[0 0 1]7}
The eigenspaces of A are then

Ea(=7)=Span{[1 -1 0 ]T,[ -1 2 -1 ]T} Ea(4)=Span{[1 -3 3 }T}



Diagonalizable Matrices

Examples

Example
Consider the diagonalization

A X D X1
4 11 11 11 -1 1 00 3 21
—33 —40 -33| = { —1 21 -3 0 0 3 3 2
33 33 26 0] -1 3 0 0 4 1 11

The eigenspaces of D are
Ep(~=7)=Span{[1 0 0]",[0 1 0]"} &p(4)=Span{[0 0 1]7}

The eigenspaces of A are then

Ea(-7)=Span{|[@_ =T 0)". [(CT 2 =1)"} ¢€a(4)=Span{[1 -3 3|7}




Diagonalizable Matrices

Examples

Example
Consider the diagonalization

A X D X1
4 11 11 1Y -17 1 —7) 0 07[3 2 1
334033{—1 2—3} 01=7)0 |3 3 2
33 33 26 o]-1] 3 0 0 111

The eigenspaces of D are
Ep(~=7)=Span{[1 0 0]",[0 1 0]"} &p(4)=Span{[0 0 1]7}
The eigenspaces of A are then

E(-T7) = Span{ (D))", (2D} £a(4) = Span{ (@23 ")
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Theorem (Tests for Diagonalizability)

An n x n matrix A is diagonalizable if and only if
gma(A1) +ema(X2) + - +gma(re) = n

or (equivalently) if each eigenvalue \ satisfies gm4(\) = ama(A).



Diagonalizability

Criteria

Theorem (Tests for Diagonalizability)

An n x n matrix A is diagonalizable if and only if
& T T E-Vals(A)={\1, 22, M}

gma(A1) +gma(A2) + -+ gma(As) = n

or (equivalently) if each eigenvalue \ satisfies gm4(\) = ama(A).
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Example
This 3 x 3 matrix A has E-Vals(A) = {—2,9}.

—2 11 -11 0
A= -1 -3 -1 Ea(-2) = Span{ |: 1
-1

1 12 10




Diagonalizability

Criteria

Example

This 3 x 3 matrix A has E-Vals(A) = {—2,9}.

-1 -3
1 12

-2 —-11 -11
A_

gma(—2) =1
0
-1 Ea(—2) = Span 1
10 -1

gma(9) =1

} Ea(9) = Span

o




Diagonalizability

Criteria

Example

This 3 x 3 matrix A has E-Vals(A) = {—2,9}.

-2 -1
A= -1 =3

1 12

—11
-1
10

gma(—2) =1

Ea(—2) = Span{

0
1
=l

gma(9) =1

1
0
—1

} Ea(9) = Span

Here, gma(—2) + gm4(9) =2 < 3, so A is not diagonalizable.




Diagonalizability

Criteria

Example

This 3 x 3 matrix A has E-Vals(A) = {—2,9}.

—11 =
A= »«4
12 NQ

gma(—2) =1

Ea(—2) = Span{

0
1
=l

gma(9) =1

1
0
—1

} Ea(9) = Span

Here, gma(—2) + gm4(9) =2 < 3, so A is not diagonalizable.
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Theorem
In A= XDX™!, the columns of X form bases of the eigenspaces of A.

X D
A1

A1
A =| v M -1
= 1 Vy V3 Vi Vs Vg o X

A3
A3
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Theorem

In A= XDX™!, the columns of X form bases of the eigenspaces of A.

[A}_

basis of Ea(A1)

X

N

=S = =S =S

basis of Ea(A2) —

Ve

D

R



Diagonalizability
Method

Theorem
In A= XDX™!, the columns of X form bases of the eigenspaces of A.

|: A :|_ Vi Va|V3]Va]Vs] Vs |a

=S = =S =S =S

basis of Ea(A1) T pasis of Ea(A3)
basis of Ea(A2) —
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Example
Consider the matrix A, which diagonalizes as A = XDX 1.

-2 5 -5
A=|-5 8 —-5| X= D=
5 -5 8



Diagonalizability
Method

Example
Consider the matrix A, which diagonalizes as A = XDX 1.

-2 5 -5
A=|-5 8 -5

5 -5 8

X =

The eigenspaces of A are

1 0
SA(3)Span{|: O],{l]} EA(S)Span{|:
-1 1 -1



Diagonalizability
Method

Example
Consider the matrix A, which diagonalizes as A = XDX 1.

-2 5 =5 3
A=|-5 8 —-5| X= D= 3
5 -5 8 8

The eigenspaces of A are

1 0 1
Ea(3) = Span 01,]|1 Ea(8) = Span 1
-1 1 -1

These eigenvectors can be used to construct the columns of X.



Diagonalizability
Method

Example

Consider the matrix A, which diagonalizes as A = XDX 1.

-2 5
A=|-5 8
5 =5

-5
-5
8

The eigenspaces of A are

Ea(3) = Span

X =

1
0
-1

Y

—

D =

0
1
1

Ea(8) = Span

-1

These eigenvectors can be used to construct the columns of X.



Diagonalizability
Method

Example
Consider the matrix A, which diagonalizes as A = XDX 1.

-2 5 -5 110 1
A=|-5 8 —-5| X= 0 1 D=
5 -5 8 —1]1] -1

The eigenspaces of A are

—

1 0 1
Ea(3) = Span Off, (|1 Ea(8) = Span 1
—1 1 -1

These eigenvectors can be used to construct the columns of X.



Diagonalizability
Method

Example

Consider the matrix A, which diagonalizes as A = XDX 1.

-2 5
A=|-5 8
5 =5

-5
-5
8

The eigenspaces of A are

Ea(3) = Span

1
0
-1

X =

Y

1 1710
o] 111 D=
—-1]-1]1
0
1 Ea(8) = Span
1

These eigenvectors can be used to construct the columns of X.



Diagonalizability
Method

Example
Consider the matrix A, which diagonalizes as A = XDX 1.

-2 5 =5 117 170
A=|-5 8 -5 X-= 1] O

(8]
D =
5 -5 8 I =1) 1)1

The eigenspaces of A are

—

1 0 1
Ea(3) = Span Off, (|1 Ea(8) = Span 1
—1 1 -1

These eigenvectors can be used to construct the columns of X.



Diagonalizability
Method

Example
Consider the matrix A, which diagonalizes as A = XDX 1.

-2 5 =5 1101 1
A=|-5 8 -5 X-= 1

(8]
D =
5 -5 8 I =1) 1) -1

The eigenspaces of A are

—
o

1 0 1
Ea(3) = Span Off, (|1 Ea(8) = Span 1
—1 1 -1

These eigenvectors can be used to construct the columns of X.
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