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Adjugates
Definitions

Definition
The cofactor matrix and adjugate matrix of an n × n matrix A are

C =


C11 C12 C1n

C21 C22 C2n

Cn1 Cn2 Cnn

 adj(A) =


C11 C21 Cn1

C12 C22 Cn2

C1n C2n Cnn


adj(A)=C⊺

These matrices are related by transposition.
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Adjugates
Definitions

Example

Consider the data

A =

[ 0 −1 5 1
−1 1 −2 1
0 0 3 2

−1 0 −1 0

]
C =

[ 2 −5 −2 3
2 −7 −2 3

−2 6 2 −4
0 7 2 −3

]
(−1)4+2

∣∣∣∣∣∣
0 −1 5 1

−1 1 −2 1
0 0 3 2

−1 0 −1 0

∣∣∣∣∣∣=7

adj(A) =

[ 2 2 −2 0
−5 −7 6 7
−2 −2 2 2
3 3 −4 −3

]
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Adjugates
Inverse Formula

Example

The cofactors of a generic 2× 2 matrix A are

C11=(−1)1+1·
∣∣∣a b
c d

∣∣∣=d C12=(−1)1+2·
∣∣∣a b
c d

∣∣∣=−c

C21=(−1)2+1·
∣∣∣a b
c d

∣∣∣=−b C22=(−1)2+2·
∣∣∣a b
c d

∣∣∣=a

C=

[
d −c

−b a

]
adj(A)=

[
d −b

−c a

]
The products A adj(A) and adj(A)A are[

a b
c d

]A[
d −b

−c a

]adj(A)
=

[
ad−bc 0

0 ad−bc

]det(A)·I2 [
d −b

−c a

]adj(A)[
a b
c d

]A
=

[
ad−bc 0

0 ad−bc

]det(A)·I2
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Adjugates
Inverse Formula

Theorem
Every n × n matrix A satisfies

A adj(A) = adj(A)A = det(A) · In

Moreover, A is nonsingular if and only if det(A) ̸= 0 and

A−1 =
1

det(A)
adj(A)

This theorem is a bit overrated.
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Adjugates
Inverse Formula

Example

The inverse of a generic 2× 2 matrix is

[
a b
c d

]A −1

=
1

ad − bc

[
d −b

− c a

]adj(A)

det(A) ̸=0

For example, we have

[
1 −3
7 4

]A
−1

=
1

25

[
4 3

− 7 1

]adj(A)
det(A)=25 ̸=0

det

[
13 39
4 12

]singular!

= 0
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Cramer’s Rule
Statement

Theorem (Cramer’s Rule)

Suppose that A is invertible. Then Ax = b is solved by

x =
1

|A|
·
[
|A1| |A2| |An|

]⊺
where Ai is obtained by replacing the ith column of A with b.



Cramer’s Rule
Example

Example

Consider the system

2 x − 2 y − z = −2
4 x − y + 4 z = −88
−x + y − z = −9

A=

[ 2 −2 −1
4 −1 4

−1 1 −1

]
x=

[x
y
z

]
b=

[ −2
−88
−9

]
To use Cramer’s rule, we calculate

A∣∣∣ 2 −2 −1
4 −1 4

−1 1 −1

∣∣∣=−9

A1∣∣∣ −2 −2 −1
−88 −1 4
−9 1 −1

∣∣∣=351

A2∣∣∣ 2 −2 −1
4 −88 4

−1 −9 −1

∣∣∣=372

A3∣∣∣ 2 −2 −2
4 −1 −88

−1 1 −9

∣∣∣=−60

Our system is solved by x = (−1/9) ·
[
351 372 −60

]⊺
.
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Area in R2

Orientations

Definition
Every list of two vectors {v ,w} in R2 falls into one of three categories.

v

w

θ

Positively Oriented

counterclockwise rotation
v

w

θ

Negatively Oriented

clockwise rotation

v
w

Colinear

linearly dependent

The order of the list matters when establishing orientation.
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Area in R2

Area

Theorem
Let P be the parallelogram formed by v ,w ∈ R2.

v

w P

The orientation of {v ,w} is determined by the sign of

det
[
v w

]
and the area of P is the absolute value of this determinant.



Area in R2

Area

Example

Consider the P formed by v =
[
−391 760

]⊺
and w =

[
881 696

]⊺
.

v=
[−

39
1
76
0 ]

⊺

w=[881 696]
⊺

P

det

[
− 391 881
760 696

]
= −941696

Here, {v ,w} is negatively oriented and area(P) = 941696.
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Volume in R3

Orientations

Definition
Every list {v ,w , x} in R3 falls into one of three categories.

Negatively Oriented

left hand order

Positively Oriented

right hand order

v

w x

Coplanar

linearly dependent

The order of the list matters when establishing orientation.
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Volume in R3

Volume

Theorem
Let P be the parallelepiped formed by v ,w , x ∈ R3.

v
w

x
The orientation of {v ,w , x} is determined by the sign of

det
[
v w x

]
and the volume of P is the absolute value of this determinant.



Volume in R3

Volume

Example

Which of these figures is correct and what is the volume?

v
w

x

w
v

x

v =
[
3 8 4

]⊺
w =

[
9 7 1

]⊺
x =

[
6 5 5

]⊺

We can solve this problem with a determinant

det
[3 9 6
8 7 5
4 1 5

]
= −210

negative orientation

Here, we have volume(P) = 210.
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