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Definitions

Definition
We define Aj; by deleting the ith row and jth column of A.

4 —9 3 7 -9 3
2 10 -5

A=1l4 3 4 2 An = -3 4
0 -6 0 5 -6 0
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Determinants

Definitions

Definition
We define Aj; by deleting the ith row and jth column of A.

4 -9 3 7 4 3 7
2 1 0 -5 2 0 -5
A=y 3 4 2 Asp =
0 -6 0 5 0 0 5

Here, A is 4 x 4 and each Aj; is 3 x 3.
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The determinant of a 1 x 1 matrix is
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Determinants

Definitions

Definition
The determinant of a 1 x 1 matrix is

det [311] = a1

The determinant of an n X n matrix is

n (n—1) x (n— 1) determinant

det(A) = Z (—1) L ay det(Akr)

k=1 /I::tl kth entry in first column

When convenient, we write det(A) = |A|.
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ail
azi

ai2
an

an2

‘—321

a1




Determinants

Examples

Example

The determinant of a generic 2 X 2 matrix is

ail
azi

ai2
an

an2

‘—321

ai

2
‘ = 411422 — d214d12



Determinants

Examples

Example

The determinant of a generic 2 X 2 matrix is

= an ani

12
d114d22 |~ 4214912

a ax ‘



Determinants

Examples

Example

The determinant of a generic 2 X 2 matrix is
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Examples

Example

The determinant of a generic 2 X 2 matrix is

For example, we have

a1
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az1
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Example

The determinant of a generic 2 X 2 matrix is
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For example, we have
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The determinant of a generic 2 X 2 matrix is
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Determinants

Examples

Example
The determinant of a generic 3 x 3 matrix is

ai11 a12 ai3 a12 ai3 a12 ai3
a21 a2 azs =a11 az2 azs —an1 +as1 az2 azs
431 as32 ass as2 ass as2 ass




Determinants

Examples

Example

The determinant of a generic 3 x 3 matrix is

ai11 a12 ai3 a12 ai3 a12 ai3
a21 a2 azs =a11 a2 axs|—g +as1 az2 azs
431 as32 ass as2 ass as2 ass
For example, we have
5-79 -79 -79
-2 11 4|=5 11 4| _(-2) +3 11 4
319 19

19




Determinants

Examples

Example

The determinant of a generic 3 x 3 matrix is

311 312 313 a2 2 ‘ a2 a3

21 422 d23 | =4 22 d23| — a

a3t azp az| 1Yo am am a5y az3| T3

For example, we have
5-79 -79 -79
-2 11 4|=5 114 _(-2) +3 11 4
3 19 19 19

(11)(9)—(4)(1)=95 —F




Determinants

Examples

Example

The determinant of a generic 3 x 3 matrix is

311 312 313 a2 2 ‘ a2 a3

21 d22 d23| =3 22 d23| — a

a3t azp az| 1Yo am am a5y az3| T3

For example, we have
5-79 -79 -79
—2 11 4|=5 1141 (-2) +3 114
3 19 19 19

(11)(9)—(4)(1)=95 - T (—7)(9)-(9)(1)=—

a2 aiz
a2 az




Determinants

Examples

Example
The determinant of a generic 3 x 3 matrix is

ai11 a12 ai3 a12 ai3 a12 ai3
az1 a2 a3|=ay; axn ax|— +as1 ax ax
431 as32 ass as2 ass as2 ass
For example, we have
—7)(4)—(9)(11)=—127
T
5-79 79 79
—2 11 4|=5 1141 (-2) +3 114
3719 19 19

(11)(9)—(4)(1)=95 - T (—7)(9)-(9)(1)=-72



Determinants

Examples

Example
The determinant of a generic 3 x 3 matrix is

ai11 a12 ai3 a12 ai3 a12 ai3
az1 a2 a3|=ay; axn ax|— +as1 ax ax
431 as32 ass as2 ass as2 ass
For example, we have
—7)(4)—(9)(11)=—127
T
5-79 79 79
—2 114|—5 1141 (-2) +3 11 4|=—50
3719 19 19

(11)(9)—(4)(1)=95 - T (—7)(9)-(9)(1)=-72



Determinants

Examples

Example
The determinant of a generic 4 x 4 matrix is

a1 12 313 a4 ai2 213 a4 a2 13 a4 a2 13 a4
ap1 a a3 ax|_ ax a3 ax ax a3 ax ax a3 ax
a31 a3 asz azs|—all aszp asz as4| 921 ag asz ass|tasi —as a3z> asz ass

a41 42 as3 ass a42 43 ass a42 43 s a42 43 s



Determinants

Examples

Example

The determinant of a generic 4 x 4 matrix is

a1 12 313 a4

ap1 a a3 ax|_ ax a3 ax

a3] a2 asz ass|=ail a3 asz asq| 921
a41 342 a3 as a42 a43 ans

Calculating det(A) is hard!

EXS

a12 ai3 ai4
az2 a3 ax
a32 as33 as4
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The minors and cofactors of A are given by

(7,4) Minor
M,'J' = det(A,-J-)

(i,J) Cofactor

Cj = (=1)" det(Ay)
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Expansion Theorem

Theorem Statement

Definition
The minors and cofactors of A are given by

(i,J) Minor (i,j) Cofactor

M = det(A;) Cj = (—1)"" det(Ay)

For example, we have

358
A= {0 14 5] Mys—
2 43




Expansion Theorem

Theorem Statement

Observation
The signs (—1)'" in each cofactor fit the following pattern.

+ — + — 4 ... +7]
- 4+ - 4+ = =+
+ — 4+ — 4. =+
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Expansion Theorem

Theorem Statement

Observation

The signs (—1)"*7 in each cofactor fit the following pattern.

This pattern follows from (—1)¢ve"

+

+

+

4 -+
B +
I +
I +
I +
+ ... ) +

+1 and (—1)°%d = —1.
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Theorem (The Cofactor Expansion Theorem)

We can “expand” a determinant calculation about any row or column.
ith Row Expansion

jth Column Expansion



Expansion Theorem
Theorem Statement

Theorem (The Cofactor Expansion Theorem)

We can “expand” a determinant calculation about any row or column.
ith Row Expansion

jth Column Expansion

This can make calculations easier!
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-3 -8 —15
7 0—-66|=
80 91 —4
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—3 —8 —15
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80 91 —4 91 —4 80
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Consider the second row expansion given by
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The same determinant can be calculated with a third column expansion.
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-3 -8 15 -8 -15 -3 © —15 -3-8
7 0 =66]—_7 +0 (—66)
80 91 —4 91 —4 80 4 80 91

The same determinant can be calculated with a third column expansion.
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Expansion Theorem

Examples
Example
Consider the second row expansion given by
-3 -8 15 -8 -15 -3 © —15 -3-8
7 0 =66]—_7 +0 (—66)
80 91 —4 91 —4 80 4 80 91

The same determinant can be calculated with a third column expansion.

—5 ~olee 70 30
—66| —_1 —4
80 o1 —4‘ 5} 80 o1 ’ = 66)‘ 80 91 )“ )‘ ‘



Expansion Theorem

Examples
Example
Consider the second row expansion given by
-3 -8 15 -8 -15 -3 © —15 -3-8
7 0 =66]—_7 +0 (—66)
80 91 —4 91 —4 80 4 80 91

The same determinant can be calculated with a third column expansion.

-3 -8
80 91

—3 8=
0 —66‘:715}

-3 -8
7
80 91| 4

8(7) 9(1) ’7(766)‘ )+(74)‘ 7 o



Expansion Theorem

Examples

Example

Determinant calculations simplify if the matrix has lots of zeros.

|
(o)1 &, JOVR N
ArRHW
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Determinant calculations simplify if the matrix has lots of zeros.

4 307
3 1| 0|0
-5 1|=2|2
6 4 00
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Determinant calculations simplify if the matrix has lots of zeros.

4 307 4-3 07
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Examples

Example

Determinant calculations simplify if the matrix has lots of zeros.

4 307 4-3 07
3 1| 0[0 3 1 00
-5 1|-2/2|=—2 =
6 4/ 0/0 6 4 00




Expansion Theorem

Examples

Example

Determinant calculations simplify if the matrix has lots of zeros.

4 307 4-3 7
3 1| 0[0 31 0
-5 1|-2/2|=—2 =
6 4/ 0/0 6 4 0




Expansion Theorem

Examples

Example

Determinant calculations simplify if the matrix has lots of zeros.

4 -3
31 -
6 4
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Determinant calculations simplify if the matrix has lots of zeros.
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Determinant calculations simplify if the matrix has lots of zeros.

373
—(=2)(7)I3 1 |=
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Determinant calculations simplify if the matrix has lots of zeros.




Expansion Theorem

Examples

Example

Determinant calculations simplify if the matrix has lots of zeros.

3
1(2)\ \(2 7)(6)=
4 1~_

(3)(4)—(1)(6)=6




Expansion Theorem

Examples

Example

Determinant calculations simplify if the matrix has lots of zeros.

3
zll (—2)(7)‘8 411 ‘:(—2)(7)(6):_84

T (3)(4)-(1)(6)=6
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Triangular Matrices

Theorem
The determinant of a triangular matrix is the product of its diagonal.

2 8 1 -7
0—13{2 3
0 010 2=
0 0 0-95
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Theorem
The determinant of a triangular matrix is the product of its diagonal.

8 1 -7

—13) 3 3/ 3
o{o 2|=(2) {o 2|=
0 0-95 0 —9%5



Properties

Triangular Matrices

Theorem
The determinant of a triangular matrix is the product of its diagonal.
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Triangular Matrices

Theorem
The determinant of a triangular matrix is the product of its diagonal.

8 1 -7

—13/ 3 3/2 3
0 {0 2 {0 2
0 0-95 0 —95

10 2
0 —95

=(2) =(2)(-1)




Properties

Triangular Matrices

Theorem
The determinant of a triangular matrix is the product of its diagonal.

8 1 -7

—13/ 3 3/2 3
0 {0 2 {0 2
0 0-95 0 —95

=(2) =(2)(-1) 18 —9/§ =(2)(=1)(10)(=%5)=




Properties

Triangular Matrices

Theorem
The determinant of a triangular matrix is the product of its diagonal.

8 1 —7
o0k 5|=(2) 3{8 =@(-1)| 10 2)=E)(-1)(10)(-95)=
0 00 0 —9s 0 -9



Properties

Triangular Matrices

Theorem
The determinant of a triangular matrix is the product of its diagonal.

8 1 -7
0 0uo_ 3|~ 3{8 A=@(-1)| 10 2—@)(-1)(10)(-5)=36
0 00 0 —9s =%/
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Transposition Rule Product Rule

(det(AT) = det(A)] (det(AB) = det(A) det(B))
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Algebraic Properties

Theorem
Determinants respect transposition and products.

Transposition Rule Product Rule

(det(AT) = det(A)] (det(AB) = det(A) det(B))

For example, we have

—22 6 —17 1 1 4-3 I7r-1 0
28 7 -5 11 _ |0-3 3 1(]-1-1
—38 —93 147 —13| — ([0 0 2 -13 7 -1

4 7 -11 1 0 0 O 1 4 7-1

=NOO

0
0
0
1



Properties
Algebraic Properties

Theorem
Determinants respect transposition and products.

Transposition Rule Product Rule

(det(AT) = det(A)] (det(AB) = det(A) det(B))

For example, we have

—22 6 —17 1 0 00
28 7 -5 1) _ -1-1 00
—38 —93 147 —-13| — 20

4 7 -11 1 11




Properties
Algebraic Properties

Theorem
Determinants respect transposition and products.

Transposition Rule Product Rule

(det(AT) = det(A)] (det(AB) = det(A) det(B))

For example, we have

—22 6 —17 1

28 7 -5 1| _

—38 —93 147 —-13| —
4 7 -11 1




Properties
Algebraic Properties

Theorem

Determinants respect transposition and products.
Transposition Rule

Product Rule

For example, we have

det=(—6)(2)=—12

oo




Calculating Determinants

Row Reductions

Theorem
Determinants play nicely with row operations.

ri<rg cri—r;

A——B A—B

rl-+c-rj~>rl-

B

(det(B) = —det(4)]  [(det(B) = c - det(4))

(det(B) = det(A))




Calculating Determinants

Row Reductions

Example
We can quickly calculate this 4 x 4 determinant with row-reductions.
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Calculating Determinants

Row Reductions

Example
We can quickly calculate this 4 x 4 determinant with row-reductions.

ro —riy —r
r3s+riy —r3
ry —riy — rg

1

=
HNNN

-2 -3
9 1
2 1
11

WO AN
AN W

WO N

1—
0
0
0




Calculating Determinants

Row Reductions

Example

We can quickly calculate this 4 x 4 determinant with row-reductions.

ro—ri—rp

1-2-2-3 r3+r—r ;1-2_-2_3
1 2 90 1| ra—rn—r |0 411 4
1 2 2 1I|l=——————10 0 0-2
11 1 1 0 3 3 4
1-2 -2-3

ro—(3a)ro—ry |0 4 11 4

0 0 0-2

0 0-21/a 1



Calculating Determinants

Row Reductions

Example
We can quickly calculate this 4 x 4 determinant with row-reductions.

ro —riy —r
r3s+ri —r3
ry —riy — rg

wWo BN
=

-3
1
1
1

OO Or

rg — (3/4)-r2 — Iy

OO BN OO~ N
|
N
N
=
—_

r3<rs

OO O+ OO0OOoOH

0 -2




Calculating Determinants

Row Reductions

Example
We can quickly calculate this 4 x 4 determinant with row-reductions.

ro—ri—rp

1-2-2-3 r+r—r3 12 23
1 2 9 1| ra—n—r |0 411 4
-1 2 2 1|=————— 1|0 0 0-2
111 1 0 3 3 4
1-2 —2-3

ra —(3fa)ro—>rs |0 4 11 4

0 0 0-2

0 0-21/a 1

-2 -2-3

== 1 1

—lo 0 1

6 0 O



Calculating Determinants

Row Reductions

Example
We can quickly calculate this 4 x 4 determinant with row-reductions.

ro —riy —r
r3s+ri —r3
ry —riy — rg

=
HNNN
|

-2 -3
9 1
2 1
11

|
OFRN WOHN

EFNPAW BNOPW

rg — (3/4)-r2 — Iy

b
N
=

,
3

=

N

\
od
|
NN
=
=S =N
|
i..




Calculating Determinants
Row Reductions
Example

We can quickly calculate this 4 x 4 determinant with row-reductions.

ro—ri—rp

1-2-2-3 r+r—r3 12 23
1 2 9 1| ra—n—r |0 411 4
-1 2 2 1|=————— 1|0 0 0-2
111 1 0 3 3 4
1-2 —2-3

ra —(3fa)ro—>rs |0 4 11 4

0 0 0-2

0 0-21/a 1

-2 -2-3

== 1 1

—lo 0 1

6 0 O
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PA=LU

Theorem
The factorization PA = LU gives A = PTLU so that

det(A) = det(P) - det(L) - det(U)
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easy (
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Calculating Determinants
PA=LU

Theorem
The factorization PA = LU gives A = PTLU so that

det(A) = det(P) - det(L) - det(U)
(—1)num swaps = /[ T easy (upper triangular)
easy (

lower triangul
For example, we have ower triangular)

001 ~11 0 1 007[3 1 -1
010 12 -3|=| 15 10]|]|0 55 —8f
100 31 -1 —13 45 1[0 0 95



Calculating Determinants
PA=LU

Theorem
The factorization PA = LU gives A = PTLU so that

det(A) = det(P) - det(L) - det(U)
(—1)num swaps = /[ T easy (upper triangular)
easy (

lower triangul
For example, we have ower triangular)

001 ~11 0 3 1 -1
010 12 -3|= 0 53 —8/3
100 31 -1 0 0 9




Calculating Determinants
PA=LU

Theorem
The factorization PA = LU gives A = PTLU so that

det(A) = det(P) - det(L) - det(U)
(—1)num swaps = /[ T easy (upper triangular)
easy (

lower triangular)

For example, we have
det(U)=9

0 01 -1 1 0
010 1 2 3| =
1 00 31 -1




Calculating Determinants

PA=LU

Theorem
The factorization PA = LU gives A = PTLU so that

det(A) = det(P) - det(L) - det(U)

(71)num swaps J

For example, we have

|

= O O

1 -1 1
0 1 2
0

31

0
1
0
T

num swaps = 1

0
-3
-1

/[ T easy (upper triangular)
easy (lower triangular)

det(U)=9




Calculating Determinants
PA= LU

Theorem

The factorization PA = LU gives A= PTLU so that

det(A) = det(P) - det(L) - det(U)
( )num swaps _’r
For example, we have

T easy (upper triangular)

easy (lower triangular)
det(A)=—9 det(U)=9
num swaps = det(L)=1
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