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Column Spaces
Definition

Definition
The column space of an m × n matrix A is

Col(A) = {v ∈ Rm | rank(A) = rank[A | v ]}
all v ∈ Rm

that satisfy

this equation

We write v ∈ Col(A) to indicate that rank(A) = rank[A | v ].

rref

[ 1 −6 −8 1
−3 1 9 −1
−2 −1 2 83
0 −2 −2 8

]A v

v∈Col(A)

=

[1 0 0 −89
0 1 0 29
0 0 1 −33
0 0 0 0

]
no pivot!

rref

[ 1 −6 −8 14
−3 1 9 2
−2 −1 2 4
0 −2 −2 −43

]A w

w /∈Col(A)

=

[1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

]
pivot!
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Column Spaces
Examples

Example

Whether or not v ∈ Col(A) hinges on whether or not Ax = v is consistent.

rref

[−5 1 7 2
1 0 −2 4

−3 1 3 −2
−4 4 −4 0

]A v

v /∈Col(A)

=

[1 0 −2 0
0 1 −3 0
0 0 0 1
0 0 0 0

]
inconsistent!

rref

[−5 1 7 −1
1 0 −2 0

−3 1 3 −1
−4 4 −4 −4

]A w

w∈Col(A)

=

[1 0 −2 0
0 1 −3 −1
0 0 0 0
0 0 0 0

]
consistent!

We can easily produce examples of v ∈ Col(A) by multiplying A by vectors.

A[−5 1 7
1 0 −2

−3 1 3
−4 4 −4

] v1[ 1
−3
2

]
=

[ 6
−3
0

−24

]Av1∈Col(A) A[−5 1 7
1 0 −2

−3 1 3
−4 4 −4

] v2[−2
5
1

]
=

[ 22
−4
14
24

]Av2∈Col(A)

The vectors in Col(A) are the linear combinations of the columns of A!
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Properties
Subset Language

Definition
If A is m × n, then rank(A) = rank[A | v ] only makes sense if v ∈ Rm.

Rn A−→ Rm ⊃ Col(A)

Writing Col(A) ⊂ Rm indicates that vectors in Col(A) have m coordinates.

A =


∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗



Col(A)⊂R5

B =

 ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗


Col(B)⊂R3
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Properties
Subset Language

Example

This matrix A is 4× 2, so Col(A) ⊂ R4.

A =

[−3 6
2 −4

−1 2
−2 4

]
Col2=−2·Col1

[−3 6
2 −4

−1 2
−2 4

][c1
c2

]
= c1 ·

[−3
2

−1
−2

]
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Properties
Net Flow in Digraphs

Recall
Net flow through nodes is calculated with matrix-vector products.

v1

v2

v3

a1[7]

a2[−3]

a3[1]

a4[9]
[−1 1 −1 0

1 −1 0 1
0 0 1 −1

]A [ 7
−3
1
9

]w

=
[−11

19
−8

]net flow
Aw ∈ Col(A)

The vectors in Col(A) are the possible net flow configurations.
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Properties
Net Flow in Digraphs

Theorem
Let A be the incidence matrix of a digraph.

v1

v2

v3

a1

a2

a3

a4 rref
[−1 1 −1 0 7

1 −1 0 1 −2
0 0 1 −1 9

]A v

impossible net flow!

=
[1 −1 0 1 0
0 0 1 −1 0
0 0 0 0 1

]
inconsistent!

Then v ∈ Col(A) means there is a weight configuration w with Aw = v .
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Spans
Definition

Definition
The span of v1, v2, . . . , vn ∈ Rm is

Span{v1, v2, . . . , vn} = all linear combinations of {v1, v2, . . . , vn}

So, v ∈ Span{v1, v2, . . . , vn} means v = c1 · v1 + c2 · v2 + · · ·+ cn · vn.



Spans
Definition

Example

Consider the equation

3 ·

 5
2
1

− 2 ·

 2
9
3

+ 5 ·

 4
4
1

 =

 31
8
2


Here,

[
31 8 2

]⊺ ∈ Span{
[
5 2 1

]⊺
,
[
2 9 3

]⊺
,
[
4 4 1

]⊺}.
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Spans
Column Spaces

Observation
These equations show that [2 −3 9 1]⊺ ∈ Span{[1 0 2 0]⊺, [0 3 1 2]⊺, [0 0 2 1]⊺}.

2 ·
[1
0
2
0

]
−

[0
3
1
2

]
+ 3 ·

[0
0
2
1

]
=

[ 2
−3
9
1

]
↭

[1 0 0
0 3 0
2 1 2
0 2 1

][ 2
−1
3

]
=

[ 2
−3
9
1

]

Linear combinations are matrix-vector products, so

Span

{[1
0
2
0

]
,

[0
3
1
2

]
,

[0
0
2
1

]}
= Col

[1 0 0
0 3 0
2 1 2
0 2 1

]
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Spans
Column Spaces

Theorem
Suppose v1, v2, . . . , vn ∈ Rm. Then

Span{v1, v2, . . . , vn} = Col
[
v1 v2 vn

]
Consequently, v ∈ Span{v1, v2, . . . , vn} if and only if

rank
[
v1 v2 vn

]
= rank

[
v1 v2 vn v

]



Spans
Column Spaces

Example

Consider the following calculations.

rref
[1 3 −13
4 1 3
3 −5 31

]
=

[1 0 2
0 1 −5
0 0 0

]
consistent!

rref

[ 2 6 12 −22
5 21 36 4

−1 −2 −5 0
−2 −4 −10 −12

]
=

[1 0 3 0
0 1 1 0
0 0 0 1
0 0 0 0

]
inconsistent!

These calculations show that[−13
3

31

]
∈ Span

{[1
4
3

]
,
[ 3

1
−5

]} [−22
4
0

−12

]
/∈ Span

{[ 2
5

−1
−2

]
,

[ 6
21
−2
−4

]
,

[ 12
36
−5

−10

]}
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