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Complex Numbers
Definitions

Definition
A complex number is an expression of the form

z = a+ b · i ∈ C
“real part” ℜ(z) ∈ R “imaginary unit” i2 = −1

“imaginary part” ℑ(z) ∈ R

“all complex numbers”

For example, 6− 11 i ∈ C with ℜ(6− 11 i) = 6 and ℑ(6− 11 i) = −11.
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Complex Numbers
Definitions

Observation
Real numbers are complex, but complex numbers are not necessarily real.

17, 0,−11, π, e, 9/22, . . .

C ̸⊂ R

R ⊂ C

4− 3 i , 7 i , 19 + 2 i



Complex Numbers
Properties

Definition
For z1 = a1 + b1 i and z2 = a2 + b2 i we have addition and multiplication.

z1+z2=(a1+a2)+(b1+b2) i

Complex Addition

z1·z2=(a1a2−b1b2)+(a1b2+a2b1) i

Complex Multiplication

For z = a+ b i , we have conjugation and absolute value.

z = a+ b i = a− b i

Complex Conjugation

|z | =
√
z · z =

√
a2 + b2

Absolute Value
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Complex Numbers
Properties

Theorem
Complex conjugation is additive, multiplicative, and involutive.

z1 + z2 = z1 + z2

Additive

z1 · z2 = z1 · z2
Multiplicative

z = z

Involutive

The reciprocal of z = a+ b i ̸= 0 is

1

z
=

z

|z |2
=

a

a2 + b2
− b

a2 + b2
i

Reciprocal Formula

We can test if z ∈ R by checking z = z.
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Complex Vectors
Definitions

Definition
A vector in Cn is a list of n scalars organized vertically into a list.

v =

[
1− i
3 + 2 i

]
∈ C2 w =

 6
−5
2

 ∈ C3 x =


3− i
0

2− 6 i
88

 ∈ C4

Note that Rn ⊂ Cn but Cn ̸⊂ Rn.
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Complex Vectors
Definitions

Definition
The conjugate of v =

[
v1 v2 vn

]⊺
is v =

[
v1 v2 vn

]⊺
.

Example[
3− 2 i 9 i 11

]⊺
=

[
3 + 2 i −9 i 11

]⊺
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Complex Vectors
Inner Products

Definition
The inner product of v ,w ∈ Cn is

⟨v ,w⟩ = v1 · w1 + v2 · w2 + · · ·+ vn · wn

So, for v =
[
7− 3 i 4 + i

]⊺
and w =

[
2 5 + 2 i

]⊺
we have

⟨v ,w⟩ = (7− 3 i) · (2) + (4 + i) · (5 + 2 i)

= (7 + 3 i) · (2) + (4− i) · (5 + 2 i)

= (14 + 6 i) + (22 + 3 i)

= 36 + 9 i

Note that ⟨v ,w⟩ ∈ C.
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Complex Vectors
Inner Products

Theorem
The inner product on Cn is complex valued and conjugate-symmetric.

⟨v ,w⟩ ∈ C
Complex-Valued

⟨v ,w⟩ = ⟨w , v⟩

Conjugate-Symmetric

We also have left conjugate-linearity and right-linearity laws.

⟨c1·v1+c2·v2,w⟩=c1·⟨v1,w⟩+c2·⟨v2,w⟩

Left Conjugate-Linear

⟨v ,c1·w1+c2·w2⟩=c1·⟨v ,w1⟩+c2·⟨v ,w2⟩

Right Linear

In particular, ⟨c · v ,w⟩ = c · ⟨v ,w⟩ and ⟨v , c · w⟩ = c · ⟨v ,w⟩.
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Complex Vectors
Inner Products

Definition
For v =

[
a1 + b1 i an + bn i

]⊺
we have

⟨v , v⟩ = (a1 + b1 i) · (a1 + b1 i) + · · ·+ (an + bn i) · (an + bn i)

= (a1 − b1 i) · (a1 + b1 i) + · · ·+ (an − bn i) · (an + bn i)

= a21 + b21 + · · ·+ a2n + b2n

We thus define the length of v ∈ Cn as

∥v∥ =
√
⟨v , v⟩ =

√
a21 + b21 + · · ·+ a2n + b2n

So, for v =
[
1− i −3 + 2 i 7

]⊺
we have

∥v∥ =
√

12 + (−1)2 + (−3)2 + 22 + 72 =
√
64



Complex Vectors
Inner Products

Definition
For v =

[
a1 + b1 i an + bn i

]⊺
we have

⟨v , v⟩ = (a1 + b1 i) · (a1 + b1 i) + · · ·+ (an + bn i) · (an + bn i)

= (a1 − b1 i) · (a1 + b1 i) + · · ·+ (an − bn i) · (an + bn i)

= a21 + b21 + · · ·+ a2n + b2n

We thus define the length of v ∈ Cn as

∥v∥ =
√

⟨v , v⟩ =
√

a21 + b21 + · · ·+ a2n + b2n

So, for v =
[
1− i −3 + 2 i 7

]⊺
we have

∥v∥ =
√

12 + (−1)2 + (−3)2 + 22 + 72 =
√
64



Complex Vectors
Inner Products

Definition
For v =

[
a1 + b1 i an + bn i

]⊺
we have

⟨v , v⟩ = (a1 + b1 i) · (a1 + b1 i) + · · ·+ (an + bn i) · (an + bn i)

= (a1 − b1 i) · (a1 + b1 i) + · · ·+ (an − bn i) · (an + bn i)

= a21 + b21 + · · ·+ a2n + b2n

We thus define the length of v ∈ Cn as

∥v∥ =
√

⟨v , v⟩ =
√

a21 + b21 + · · ·+ a2n + b2n

So, for v =
[
1− i −3 + 2 i 7

]⊺
we have

∥v∥ =
√

12 + (−1)2 + (−3)2 + 22 + 72 =
√
64



Complex Matrices
Definitions

Definition
An m × n complex matrix is an m × n array of complex numbers.

A =

 3− 9 i 7 14 + 4 i −5 i
4 + 5 i 5 + i 3− 7 i 6 + 19 i
4 i 11 14 + 3 i 5 i



Here, we write A ∈ C3×4.
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Complex Matrices
Definitions

Definition
Suppose that A ∈ Cm×n and v ∈ Cn are of the form

A =
[
a1 a2 an

]
v =

[
v1 v2 vn

]⊺

The matrix-vector product Av is given by the linear combination

Av = v1 · a1 + v2 · a2 + · · ·+ vn · an

This gives our familiar interpretation Cn A−→ Cm.
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Complex Matrices
Conjugate Transposition

Definition
The conjugate transpose of A is A∗ = A⊺. 2 + i 1

2 + 17 i −4− 9 i
−i 2

∗

=

[

2− i 2− 17 i i
1 − 4 + 9 i 2

]

Matrices over R satisfy A∗ = A⊺.
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Complex Matrices
Conjugate Transposition

Warning

Some authors write A† or AH instead of A∗.



Complex Matrices
Conjugate Transposition

Theorem
Conjugate transposition is an order-reversing involution.

(AB)∗ = B∗A∗ (A∗)∗ = A

The operation is conjugate-linear and respects inversion.

(c1 · A1 + c2 · A2)
∗ = c1 · A∗

1 + c2 · A∗
2

Conjugate-Linear

(A∗)−1 = (A−1)∗
Inverse Formula

The operation cooperates with trace, rank, and determinants.

trace(A∗) = trace(A) rank(A∗) = rank(A) det(A∗) = det(A)
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Complex Matrices
Conjugate Transposition

Theorem (Adjoint Formula)

⟨Av ,w⟩ = ⟨v ,A∗w⟩

Proof.
⟨Av ,w⟩ = (Av)∗w = (v∗A∗)w = v∗(A∗w) = ⟨v ,A∗w⟩
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Complex Matrices
Conjugate Transposition

Theorem
The eigenvalues of A∗ are the conjugates of the eigenvalues of A.

Proof.
This follows from

rank(λ · In − A) = rank(λ · In − A)∗ = rank(λ · In − A∗)

So λ is an eigenvalue of A∗ when λ is an eigenvalue of A.
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Complex Matrices
Conjugate Transposition

Paradigm

The following replacements allow us to do linear algebra over C.

R ↭ C ⟨v ,w⟩ = v⊺w ↭ ⟨v ,w⟩ = v∗w A⊺ ↭ A∗

These replacements give “complex” analogues of “real” concepts.

X (X⊺X )−1X⊺↭X (X∗X )−1X∗

Projections

A⊺Ax̂=A⊺b↭A∗Ax̂=A∗b

Least-Squares

Q⊺Q=In↭Q∗Q=In

Orthonormal Cols
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Complex Matrices
Conjugate Transposition

Definition
Symmetric matrices are analogous to Hermitian matrices.

S⊺ = S

Symmetric

H∗ = H

Hermitian

Orthogonal matrices are analogous to unitary matrices.

Q⊺ = Q−1

Orthogonal

Q∗ = Q−1

Unitary

Some adjectives change when we pass from R to C.
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Complex Matrices
Conjugate Transposition

Example

Consider the equations

H[
3 1−i 5

1+i −7 6−2 i
5 6+2 i 0

]∗
=

[
3 1−i 5

1+i −7 6−2 i
5 6+2 i 0

] Q∗[
0 −i 0
1 0 0
0 0 i

] Q[
0 1 0
i 0 0
0 0 −i

]
=

[1 0 0
0 1 0
0 0 1

]

Here, H is Hermitian (H∗ = H) and Q is unitary (Q∗ = Q−1).
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Complex Vector Spaces
Fundamental Subspaces

Definition
The four fundamental subspaces of a complex matrix A are

Col(
A
∗ )

rank
(A)

Nul
l(A)

null
ity(

A)

Cn Col(A)rank(A)

Null(A∗
)nullity(A∗
)

CmA

This is the same as before with A⊺ replaced with A∗.
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Complex Vector Spaces
Eigenspaces

Example

This matrix has non-real complex eigenvalues!

A =

[
0 −1
1 0

]
E-Vals(A) = {−i , i}

The eigenspaces are

EA(−i) = Null

[
−i 1
−1 −i

]−i ·I2−A

= Span{
[
−i 1

]⊺}
EA(i) = Null

[
i 1

− 1 i

]
i ·I2−A

= Span{
[
i 1

]⊺}
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