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The Characteristic Polynomial
Definition

Definition
The characteristic polynomial of an n × n matrix A is

χA(t) = det(t · In − A)

characteristic matrix!

For example, we have

χA(t) = det

([
t 0
0 t

]t·I2

−
[
1 −1
2 0

]A )
=

∣∣∣∣ t − 1 1
−2 t

∣∣∣∣ = t2 − t + 2

Here, A is 2× 2 and χA(t) is a monic polynomial with degree two.
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The Characteristic Polynomial
Basic Properties

Theorem
Suppose A is n × n. Then χA(t) is monic with degχA(t) = n.

χA(t) = det
([t 0 0

0 t 0
0 0 t

]t·I3

−
[−1 1 1

3 1 −3
−1 −1 3

]A )
=

∣∣∣t+1 −1 −1
−3 t−1 3
1 1 t−3

∣∣∣ = t3 − 3t2 − 6t + 8
monic

degχA(t)=3
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The Characteristic Polynomial
Basic Properties

Theorem
χA⊺(t) = χA(t)

Proof.
χA⊺(t) = det(t · In − A⊺)

= det(t · I ⊺n − A⊺)

= det((t · In − A)⊺)

= det(t · In − A)

= χA(t)
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Calculating Eigenvalues
Roots of χA(t)

Theorem
Each root λ of χA(t) satisfies

χA(λ) = det(λ · In − A) = 0

λ · In − A is singular!

The roots of χA(t) are the eigenvalues of A.
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Calculating Eigenvalues
Examples

Example

Consider the calculation

χA(t) = det

([
t 0
0 t

]t·I2

−
[
1 1
1 1

]A )
=

∣∣∣∣ t − 1 −1
−1 t − 1

∣∣∣∣ = t · (t − 2)

Here, E-Vals(A) = {0, 2}.



Calculating Eigenvalues
Examples

Example

Consider the calculation

χA(t) = det

([
t 0
0 t

]t·I2

−
[
1 1
1 1

]A )
=

∣∣∣∣ t − 1 −1
−1 t − 1

∣∣∣∣ = t · (t − 2)

Here, E-Vals(A) = {0, 2}.



Calculating Eigenvalues
Examples

Example

Consider the calculation

χA(t) = det

([
t 0
0 t

]t·I2

−
[
1 1
1 1

]A )
=

∣∣∣∣ t − 1 −1
−1 t − 1

∣∣∣∣ = t · (t − 2)

Here, E-Vals(A) = {0, 2}.



Calculating Eigenvalues
Examples

Example
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χA(t) = det

([
t 0
0 t
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−
[
1 −1
1 2

]A )

=

∣∣∣∣ t − 1 1
−1 t − 2

∣∣∣∣ = t2 − 3 t + 3

To find the eigenvalues, we use the quadratic formula

λ1 =
3−

√
3 i

2
λ2 =

3 +
√
3 i

2

Here, the eigenvalues are related by conjugation λ1 = λ2.
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Calculating Eigenvalues
Examples

Example

The characteristic polynomial of A =
[−3 −2 3
−1 −2 1
−1 −2 1

]
is

χA(t) =

∣∣∣∣∣∣
t + 3 2 −3

1 t + 2 −1
1 2 t − 1

∣∣∣∣∣∣

r2 − r3 → r2
r1 − r3 → r1
==========

t · (t + 2) ·

∣∣∣∣∣∣
t + 2 0 −t − 2

0 t −t
1 2 t − 1

∣∣∣∣∣∣
common factor of (t + 2)

common factor of t

r3−r1→r3======== t · (t + 2) ·
∣∣∣1 0 −1
0 1 −1
0 2 t

∣∣∣
r3−2·r2→r3========= t · (t + 2) ·

∣∣∣1 0 −1
0 1 −1
0 0 t+2

∣∣∣
= t · (t + 2)2



Calculating Eigenvalues
Examples

Example

The characteristic polynomial of A =
[−3 −2 3
−1 −2 1
−1 −2 1

]
is

χA(t) =

∣∣∣∣∣∣
t + 3 2 −3

1 t + 2 −1
1 2 t − 1

∣∣∣∣∣∣

r2 − r3 → r2
r1 − r3 → r1
==========

t · (t + 2) ·

∣∣∣∣∣∣
t + 2 0 −t − 2

0 t −t
1 2 t − 1

∣∣∣∣∣∣
common factor of (t + 2)

common factor of t

r3−r1→r3======== t · (t + 2) ·
∣∣∣1 0 −1
0 1 −1
0 2 t

∣∣∣
r3−2·r2→r3========= t · (t + 2) ·

∣∣∣1 0 −1
0 1 −1
0 0 t+2

∣∣∣
= t · (t + 2)2



Calculating Eigenvalues
Examples

Example

The characteristic polynomial of A =
[−3 −2 3
−1 −2 1
−1 −2 1

]
is

χA(t) =

∣∣∣∣∣∣
t + 3 2 −3

1 t + 2 −1
1 2 t − 1

∣∣∣∣∣∣
r2 − r3 → r2
r1 − r3 → r1
==========

t · (t + 2) ·

∣∣∣∣∣∣
t + 2 0 −t − 2

0 t −t
1 2 t − 1

∣∣∣∣∣∣
common factor of (t + 2)

common factor of t

r3−r1→r3======== t · (t + 2) ·
∣∣∣1 0 −1
0 1 −1
0 2 t

∣∣∣
r3−2·r2→r3========= t · (t + 2) ·

∣∣∣1 0 −1
0 1 −1
0 0 t+2

∣∣∣
= t · (t + 2)2



Calculating Eigenvalues
Examples

Example

The characteristic polynomial of A =
[−3 −2 3
−1 −2 1
−1 −2 1

]
is

χA(t) =

∣∣∣∣∣∣
t + 3 2 −3

1 t + 2 −1
1 2 t − 1

∣∣∣∣∣∣
r2 − r3 → r2
r1 − r3 → r1
==========

t · (t + 2) ·

∣∣∣∣∣∣
t + 2 0 −t − 2

0 t −t
1 2 t − 1

∣∣∣∣∣∣
common factor of (t + 2)

common factor of t

r3−r1→r3======== t · (t + 2) ·
∣∣∣1 0 −1
0 1 −1
0 2 t

∣∣∣
r3−2·r2→r3========= t · (t + 2) ·

∣∣∣1 0 −1
0 1 −1
0 0 t+2

∣∣∣
= t · (t + 2)2



Calculating Eigenvalues
Examples

Example

The characteristic polynomial of A =
[−3 −2 3
−1 −2 1
−1 −2 1

]
is

χA(t) =

∣∣∣∣∣∣
t + 3 2 −3

1 t + 2 −1
1 2 t − 1

∣∣∣∣∣∣
r2 − r3 → r2
r1 − r3 → r1
==========

t ·

(t + 2) ·

∣∣∣∣∣∣
1 0 −1
0 t −t
1 2 t − 1

∣∣∣∣∣∣
common factor of (t + 2)

common factor of t

r3−r1→r3======== t · (t + 2) ·
∣∣∣1 0 −1
0 1 −1
0 2 t

∣∣∣
r3−2·r2→r3========= t · (t + 2) ·

∣∣∣1 0 −1
0 1 −1
0 0 t+2

∣∣∣
= t · (t + 2)2



Calculating Eigenvalues
Examples

Example

The characteristic polynomial of A =
[−3 −2 3
−1 −2 1
−1 −2 1

]
is

χA(t) =

∣∣∣∣∣∣
t + 3 2 −3

1 t + 2 −1
1 2 t − 1

∣∣∣∣∣∣
r2 − r3 → r2
r1 − r3 → r1
==========

t ·

(t + 2) ·

∣∣∣∣∣∣
1 0 −1
0 t −t
1 2 t − 1

∣∣∣∣∣∣
common factor of (t + 2)

common factor of t

r3−r1→r3======== t · (t + 2) ·
∣∣∣1 0 −1
0 1 −1
0 2 t

∣∣∣
r3−2·r2→r3========= t · (t + 2) ·

∣∣∣1 0 −1
0 1 −1
0 0 t+2

∣∣∣
= t · (t + 2)2



Calculating Eigenvalues
Examples

Example

The characteristic polynomial of A =
[−3 −2 3
−1 −2 1
−1 −2 1

]
is

χA(t) =

∣∣∣∣∣∣
t + 3 2 −3

1 t + 2 −1
1 2 t − 1

∣∣∣∣∣∣
r2 − r3 → r2
r1 − r3 → r1
========== t · (t + 2) ·

∣∣∣∣∣∣
1 0 −1
0 1 −1
1 2 t − 1

∣∣∣∣∣∣
common factor of (t + 2)

common factor of t

r3−r1→r3======== t · (t + 2) ·
∣∣∣1 0 −1
0 1 −1
0 2 t

∣∣∣
r3−2·r2→r3========= t · (t + 2) ·

∣∣∣1 0 −1
0 1 −1
0 0 t+2

∣∣∣
= t · (t + 2)2



Calculating Eigenvalues
Examples

Example

The characteristic polynomial of A =
[−3 −2 3
−1 −2 1
−1 −2 1

]
is

χA(t) =

∣∣∣∣∣∣
t + 3 2 −3

1 t + 2 −1
1 2 t − 1

∣∣∣∣∣∣
r2 − r3 → r2
r1 − r3 → r1
========== t · (t + 2) ·

∣∣∣∣∣∣
1 0 −1
0 1 −1
1 2 t − 1

∣∣∣∣∣∣
common factor of (t + 2)

common factor of t

r3−r1→r3======== t · (t + 2) ·
∣∣∣1 0 −1
0 1 −1
0 2 t

∣∣∣
r3−2·r2→r3========= t · (t + 2) ·

∣∣∣1 0 −1
0 1 −1
0 0 t+2

∣∣∣
= t · (t + 2)2



Calculating Eigenvalues
Examples

Example

The characteristic polynomial of A =
[−3 −2 3
−1 −2 1
−1 −2 1

]
is

χA(t) =

∣∣∣∣∣∣
t + 3 2 −3

1 t + 2 −1
1 2 t − 1

∣∣∣∣∣∣
r2 − r3 → r2
r1 − r3 → r1
========== t · (t + 2) ·

∣∣∣∣∣∣
1 0 −1
0 1 −1
1 2 t − 1

∣∣∣∣∣∣
common factor of (t + 2)

common factor of t

r3−r1→r3======== t · (t + 2) ·
∣∣∣1 0 −1
0 1 −1
0 2 t

∣∣∣

r3−2·r2→r3========= t · (t + 2) ·
∣∣∣1 0 −1
0 1 −1
0 0 t+2

∣∣∣
= t · (t + 2)2



Calculating Eigenvalues
Examples

Example

The characteristic polynomial of A =
[−3 −2 3
−1 −2 1
−1 −2 1

]
is

χA(t) =

∣∣∣∣∣∣
t + 3 2 −3

1 t + 2 −1
1 2 t − 1

∣∣∣∣∣∣
r2 − r3 → r2
r1 − r3 → r1
========== t · (t + 2) ·

∣∣∣∣∣∣
1 0 −1
0 1 −1
1 2 t − 1

∣∣∣∣∣∣
common factor of (t + 2)

common factor of t

r3−r1→r3======== t · (t + 2) ·
∣∣∣1 0 −1
0 1 −1
0 2 t

∣∣∣

r3−2·r2→r3========= t · (t + 2) ·
∣∣∣1 0 −1
0 1 −1
0 0 t+2

∣∣∣
= t · (t + 2)2



Calculating Eigenvalues
Examples

Example

The characteristic polynomial of A =
[−3 −2 3
−1 −2 1
−1 −2 1

]
is

χA(t) =

∣∣∣∣∣∣
t + 3 2 −3

1 t + 2 −1
1 2 t − 1

∣∣∣∣∣∣
r2 − r3 → r2
r1 − r3 → r1
========== t · (t + 2) ·

∣∣∣∣∣∣
1 0 −1
0 1 −1
1 2 t − 1

∣∣∣∣∣∣
common factor of (t + 2)

common factor of t

r3−r1→r3======== t · (t + 2) ·
∣∣∣1 0 −1
0 1 −1
0 2 t

∣∣∣
r3−2·r2→r3========= t · (t + 2) ·

∣∣∣1 0 −1
0 1 −1
0 0 t+2

∣∣∣

= t · (t + 2)2



Calculating Eigenvalues
Examples

Example

The characteristic polynomial of A =
[−3 −2 3
−1 −2 1
−1 −2 1

]
is

χA(t) =

∣∣∣∣∣∣
t + 3 2 −3

1 t + 2 −1
1 2 t − 1

∣∣∣∣∣∣
r2 − r3 → r2
r1 − r3 → r1
========== t · (t + 2) ·

∣∣∣∣∣∣
1 0 −1
0 1 −1
1 2 t − 1

∣∣∣∣∣∣
common factor of (t + 2)

common factor of t

r3−r1→r3======== t · (t + 2) ·
∣∣∣1 0 −1
0 1 −1
0 2 t

∣∣∣
r3−2·r2→r3========= t · (t + 2) ·

∣∣∣1 0 −1
0 1 −1
0 0 t+2

∣∣∣
= t · (t + 2)2



Algebraic Multiplicity
Definition

Definition
The fundamental theorem of algebra says that χA(t) factors as

χA(t) = (t − λ1)
amA(λ1)(t − λ2)

amA(λ2) · · · (t − λk)
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where E-Vals(A) = {λ1, . . . , λk}.
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 χA(t) = (t + 7)2 · (t − 9)
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Size Formula
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Algebraic Multiplicity
Properties

Example

Suppose the characteristic polynomial of an n × n matrix A is

χA(t) = (t − i)4 · (t + i)4 · (t + 5)5 · (t − 9)8

n=4+4+5+8=21

We can organize our “eigendata” into a table.

λ gmA(λ) amA(λ)

i 1, . . . , 4 4
−i 1, . . . , 4 4
−5 1, . . . , 5 5
9 1, . . . , 8 8
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Formulas

Example

The characteristic polynomial of a generic 2× 2 matrix is

χA(t) =

∣∣∣∣ t − a −b
−c t − d

∣∣∣∣ = t2 − (a+ d) t + (ad − bc)

trace(A) det(A)

This gives χA(t) = t2 − trace(A) t + det(A).
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Trace and Determinant
Formulas

Theorem
The characteristic polynomial of every n × n matrix A is of the form

χA(t) = tn − trace(A) tn−1 + · · ·+ (−1)n det(A)

The Vieta formulas then give a trace formula and a determinant formula.

trace(A)=amA(λ1)·λ1+···+amA(λk )·λk

Trace Formula

det(A)=λ
amA(λ1)
1 ···λamA(λk )

k

Determinant Formula

where E-Vals(A) = {λ1, . . . , λk}.
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χA(t) = t7−2 t6 + 7 t5 − t3 − 11 t2 + t + 5

A is 7× 7

trace(A)=−(−2)=2 det(A)=(−1)7·5=−5
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trace(A) = λ1 + λ2 + λ3 + λ4

3 −7 5 9

−4



Trace and Determinant
Examples

Example

Consider the data

A =


− 71 −52 −16 148
48 35 12 −102
16 13 9 −25

− 16 −13 −4 30

 λ1 = −7 λ2 = 5

λ3 = 9 λ4 =?

We can find the missing λ4 with our trace formula.

trace(A) = λ1 + λ2 + λ3 + λ4

3 −7 5 9

−4



Trace and Determinant
Examples

Example

Consider the data

A =


− 71 −52 −16 148
48 35 12 −102
16 13 9 −25

− 16 −13 −4 30

 λ1 = −7 λ2 = 5

λ3 = 9 λ4 =?

We can find the missing λ4 with our trace formula.

trace(A) = λ1 + λ2 + λ3 + λ4

3 −7 5 9

−4



Trace and Determinant
Examples

Example

Consider the data

A =


− 71 −52 −16 148
48 35 12 −102
16 13 9 −25

− 16 −13 −4 30

 λ1 = −7 λ2 = 5

λ3 = 9 λ4 =?

We can find the missing λ4 with our trace formula.

trace(A) = λ1 + λ2 + λ3 + λ4

3 −7 5 9

−4



Trace and Determinant
Examples

Example

Consider the data

A =


− 71 −52 −16 148
48 35 12 −102
16 13 9 −25

− 16 −13 −4 30

 λ1 = −7 λ2 = 5

λ3 = 9 λ4 =?

We can find the missing λ4 with our trace formula.

trace(A) = λ1 + λ2 + λ3 + λ4

3 −7 5 9

−4



Trace and Determinant
Examples

Example

Consider the data

A =


− 71 −52 −16 148
48 35 12 −102
16 13 9 −25

− 16 −13 −4 30

 λ1 = −7 λ2 = 5

λ3 = 9 λ4 =?

We can find the missing λ4 with our trace formula.

trace(A) = λ1 + λ2 + λ3 + λ4

3 −7 5 9

−4



Trace and Determinant
Examples

Example

Consider the data

A =


− 71 −52 −16 148
48 35 12 −102
16 13 9 −25

− 16 −13 −4 30

 λ1 = −7 λ2 = 5

λ3 = 9 λ4 =?

We can find the missing λ4 with our trace formula.

trace(A) = λ1 + λ2 + λ3 + λ4

3 −7 5 9

−4


	The Characteristic Polynomial
	Definition
	Basic Properties

	Calculating Eigenvalues
	Roots of A(t)
	Examples

	Algebraic Multiplicity
	Definition
	Properties

	Trace and Determinant
	Formulas
	Examples


