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Orthonormality
Definition
Definition
We call {q4,...,q,,} orthonormal if

Mutually Orthogonal Unit Vectors

(qj,qj) =0 fori#j (g;,q;) =1

For example, consider

el:[l 0 o]T

Then {e1, ez, e3} is orthonormal.
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Orthonormal Columns

Theorem
An m X r matrix Q has orthonormal columns if and only if QTQ = I,.

Proof.
Note that the (i,/) entry of QTQ is (q;, q;)-

QT I

qI 1 0------ 0
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Orthonormal Columns

Theorem
An m X r matrix Q has orthonormal columns if and only if QTQ = I,.

Proof.
Note that the (i,/) entry of QTQ is (q;, q;)-

qI 1 0------ 0

q; Q 0 1..---- 0
[ qa 49 a, } = :

ql 0 O0-----. 1

This proves the theorem.
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Orthonormal Columns

Example

Consider the data

Q Q=
- -QT : - I3m

This shows that the vectors {q;, g, g3} are orthonormal where
1 1
q; = W[—2 -111]T q, = W[1 -2-11]T

1
q; = W[1112]T
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Orthonormal Columns

Example
Consider the data
= =T 211 ok
N 1 1—2—11] U —lo1o
ﬁ[% H] ﬁ[1 1 12 \ﬁ[% H] 001

This shows that the vectors {q;, q,, g3} are orthonormal where

ai= 22 = 2]l gy=

Note that QT # Q! because @ is not square!
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Definition

A QR-factorization is an equation of the form

A= QR
m X n with rank r = T r X n upper-triangular
mx rwith QTQ = I,
For example,
A Q

ﬁ
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A = QR Factorizations

General Properties

Theorem
Suppose A = QR and consider the equation

ATA = (QR)T(QR) = RTQTQR = RTR
QTQ=/, =4

This means that A are R have common Gramians and common rank.

Common Gramian Common Rank

[rank(A) = rank(R)]

Moreover, R is nonsingular if and only if A has full column rank.
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Theorem
In A= QR, projection onto Col(A) is P = QQT.

Proof.

Arrange the pivot columns of A into a matrix X, so
m x r (still rank r) T R with nonpivot cols deleted (r x r)

X =QR
same Q (m x r) =
Then the projection matrix to the column space of A is
X3
P = (QR)(RTR) 1 (QR)T
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Theorem
In A= QR, projection onto Col(A) is P = QQT.

Proof.

Arrange the pivot columns of A into a matrix X, so
m x r (still rank r) T R with nonpivot cols deleted (r x r)

X =QR
same Q (m x r) =
Then the projection matrix to the column space of A is
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Theorem
In A= QR, projection onto Col(A) is P = QQT.

Proof.

Arrange the pivot columns of A into a matrix X, so
m x r (still rank r) T R with nonpivot cols deleted (r x r)

X =QR
same Q (m x r) =
Then the projection matrix to the column space of A is
X— o XX X
P = (QR)(RTR) 1 (QR)T
= QRR YR RTQT
I, 4 T I



Projections
Peoi(a)y = QQT

Theorem
In A= QR, projection onto Col(A) is P = QQT.

Proof.

Arrange the pivot columns of A into a matrix X, so
m x r (still rank r) T R with nonpivot cols deleted (r x r)

X =QR
same Q (m x r) =
Then the projection matrix to the column space of Ais
X_\L r X Xr X
P = (QR)(RTR) QR
= QRR M (RT) 'RTQT
Ir J L /r
This proves that P = QQT.



Projections
Peoi(a)y = QQT

Advantage
We now have two projection formulas

Peoi(ay = X(XTX) 1 XT Pcoi(a) = QQT

We avoid the “difficult” inversion (XTX)~1 with A= QR.
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Consider the following QR-factorization.

_ [‘iﬁ —4{/12 2%?] [g -3 :g}

13 —14/15  2/15
0 —2/15 —14/15 001



Projections
Example

Example

Consider the following QR-factorization.

A

Q

3 -3-2
[o 15 _7}
0 0

1
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Consider the following QR- factorlzatlon

Projection onto Col(A) is given by
)

—1/5

1/5 _4%5 7_4%2 2/3
1/3 —14/15  2/15
0

/3
_2/15 _14/15

0
/s —1415 —2/15
—1/5 —4/15

2/15 —14/15
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Consider the foIIowing QR- factorlzatlon

Projection onto Col(A) is given by
Q

—14/15 —2/15
15 2/15 —14/15

ERTE
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Consider the following QR-factorization

_l m i
PFOJeCtIOn onto Col(A

) is given by

Pcoi(a) i i QT
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Theorem
Suppose A = QR and consider the least squares problem

QTRRx = QTQQ™b

The least squares problem reduces to Rx = QTb.
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Least Squares
R% = Qb

Advantage
We now have two forms of the least squares problem

ATAx = ATb Rx = Qb

The system Rx = QTb is quickly solved with back substitution.
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Consider the A = QR factorization and the vector b given by

-2 -2 3 =23 —4/15 —1f5 3 -3 -2
IERREE S [

0 —2/15 —14/15
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Example

Consider the A = QR factorization and the vector b given by
A

=2 = —2/3 —4/15 —1f5 3

2 1-3] 2?3 {s—%s 3322 p— | 1
1-15 6| — 1/3 —14K5 2/15 0 0 1 - 7
0 -2 0 0 72/15 714/15 -1
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Consider the A = QR factorization and the vector b given by
A Q
= [o 15 —7}
00

1
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Consider the A = QR factorization and the vector b given by

A Q R
iE- P

3

1
7
1
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Example

Consider the A = QR factorization and the vector b given by
A Q R
3
- e ()
-1

The least squares problem ATAXx = ATh reduces to Rx = QThb.

~

3X1 — 3)?2 — 2)?3

= 1
5% — 7x3 = —7
x3 = 1
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Example

Consider the A = QR factorization and the vector b given by
A Q R
R .

3
1]
7
1
The least squares problem ATAx = ATb reduces to Rx = QThb.
Rx 3

1
—7
1
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Consider the A = QR factorization and the vector b given by
A Q R
3
Bl ()
~1
The least squares problem ATAx = ATb reduces to Rx = QThb.
Rx 3

Qb 4
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Consider the A = QR factorization and the vector b given by
A Q R
3
Bl e [
The least squares problem ATAXx = ATh reduces to Rx = QThb.
3x1 —

1
3%
15

- 2x3 =

1
—7

7X3
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Consider the A = QR factorization and the vector b given by

Example
Example
A
77
1-15 6
0 -2

Q
_243 _4/15 —I/5 R 3
2/3 /5 —4/15 P - 1
1/3 _1445 2/15 g 1(5) _;_I b= |: 7:|
0 —2/15 —14/15 -1

The least squares problem ATAx = ATh reduces to Rx = QTb.

3 — 3%
15X,

— 2Xx3
- 7.1

~

~

X3
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Consider the A = QR factorization and the vector b given by

Example
Example
A
77
1-15 6
0 -2

Q
_2/3 _4/15 —I/5
23 15 —4/15
13 —14/15  2/15
0 —2/i5 —14/15

R

3 3
o 15—7 b=}
00 1 7

The least squares problem ATAx = ATh reduces to Rx = QTb.

3 — 3%
15X,

2-1 =
- 7.1

~

X3 =

—7

~

1 — X3:1
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Consider the A = QR factorization and the vector b given by
A Q R
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3
d
7
1
The least squares problem ATAXx = ATh reduces to Rx = QThb.
3x1 — 3%

- 2.1




Least Squares
Example

Example

Consider the A = QR factorization and the vector b given by
A Q R
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3
d
7
1
The least squares problem ATAXx = ATh reduces to Rx = QThb.
3x1 — 3%
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Consider the A = QR factorization and the vector b given by

Example
Example
A
77
1-15 6
0 -2

Q
_2/3 _4/15 —I/5
23 15 —4/15
13 —14/15  2/15
0 —2/i5 —14/15

R

3 3
o 15—7 b=}
00 1 7

The least squares problem ATAx = ATh reduces to Rx = QTb.

3 — 30
15,

2-1 =
- 7.1

X3 =

= -7

1
- X = 7_7E7'1 =0
1 — )/<\3 =1
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Example

Example

Consider the A = QR factorization and the vector b given by
A Q R
3
Bl e [
-1
The least squares problem ATAXx = ATh reduces to Rx = QThb.

5% — 7-1

-7 =

Xp =
1 —

X3 =

—7+71 _
o 15 =0
X3:1



Least Squares
Example
Example
Consider the A = QR factorization and the vector b given by
A Q R
3
R ()
-1
The least squares problem ATAXx = ATh reduces to Rx = QThb.

Loz = 30421 g

1 — )/<\3 1

5% — 7-1

X3

u]
Q
ul



Least Squares

Example
Example
Consider the A = QR factorization and the vector b given by
A Q R
——— _243 _4//15 —1/5 3
1-— 2/3  1fs —4/15 T _ 1
2 12 - | gk e B ”:H
0 -2 /0 _2/15 _14;15 0 01 -1

The least squares problem ATAx = ATh reduces to Rx = QTb.

~

3 — 30 — 2:1 = 1 — x=183021_
15% — 7-1 = -7 — =-1=0
)?3 = 1 — )?3:1

Here, we find that X = [1 0 l]T_
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