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m × r with orthonormal columns
r × n upper-triangular



Orthonormality
Definition

Definition
A QR-factorization is an equation of the form

A = QR
m × n with rank r

m × r with orthonormal columns
r × n upper-triangular



Orthonormality
Definition

Definition
A QR-factorization is an equation of the form

A = QR
m × n with rank r

m × r with orthonormal columns
r × n upper-triangular



Orthonormality
Definition

Definition
A QR-factorization is an equation of the form

A = QR
m × n with rank r

m × r with orthonormal columns
r × n upper-triangular



Orthonormality
Definition

Definition
We call {q1, . . . ,qm} orthonormal if

⟨q i ,q j⟩ = 0 for i ̸= j

Mutually Orthogonal

⟨q i ,q i ⟩ = 1

Unit Vectors

For example, consider

e1=[1 0 0]
⊺

e2=[0 1 0]
⊺

e3=[0 0 1]
⊺

Then {e1, e2, e3} is orthonormal.
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Orthonormality
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Theorem
An m × r matrix Q has orthonormal columns if and only if Q⊺Q = Ir .

Proof.
Note that the (i , j) entry of Q⊺Q is ⟨q i ,q j⟩.

Q⊺
q⊺
1

q⊺
2

q⊺
r

 Q[
q1 q2 qr

]
=

Ir


⟨q1,q1⟩ ⟨q1,q2⟩ ⟨q1,qr ⟩
⟨q2,q1⟩ ⟨q2,q2⟩ ⟨q2,qr ⟩

⟨qr ,q1⟩ ⟨qr ,q2⟩ ⟨qr ,qr ⟩



This proves the theorem.
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Example

Consider the data

1√
7

[−2 1 1
−1 −2 1
1 −1 1
1 1 2

]Q

1√
7

[−2 −1 1 1
1 −2 −1 1
1 1 1 2

]Q⊺

1√
7

[−2 1 1
−1 −2 1
1 −1 1
1 1 2

]Q

=
[1 0 0
0 1 0
0 0 1

]I3

This shows that the vectors {q1,q2,q3} are orthonormal where

q1 =
1√
7
[−2 −1 1 1]⊺ q2 =

1√
7
[1 −2 −1 1]⊺ q3 =

1√
7
[1 1 1 2]⊺

Note that Q⊺ ̸= Q−1 because Q is not square!
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A = QR Factorizations
Definition

Definition
A QR-factorization is an equation of the form

A = QR
m × n with rank r

m × r with Q⊺Q = Ir
r × n upper-triangular

For example, [−2 −2 3
2 1 −3
1 −15 6
0 −2 0

]A

=

[
−2/3 −4/15 −1/5

2/3 1/5 −4/15
1/3 −14/15 2/15
0 −2/15 −14/15

]Q [3 −3 −2
0 15 −7
0 0 1

]R
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A = QR Factorizations
General Properties

Theorem
Suppose A = QR and consider the equation

A⊺A =

(QR)⊺(QR) = R⊺Q⊺QR = R⊺R

Q⊺Q=Ir

This means that A are R have common Gramians and common rank.

A⊺A = R⊺R

Common Gramian

rank(A) = rank(R)

Common Rank

Moreover, R is nonsingular if and only if A has full column rank.
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Projections
PCol(A) = QQ⊺

Theorem
In A = QR, projection onto Col(A) is P = QQ⊺.

Proof.
Arrange the pivot columns of A into a matrix X , so

X = QR̃

m × r (still rank r)

same Q (m × r)

R with nonpivot cols deleted (r × r)

Then the projection matrix to the column space of A is

P = (QR̃)(R̃⊺R̃)−1(QR̃)⊺

=

QR̃R̃−1(R̃⊺)−1R̃⊺Q⊺

X X ⊺X X

Ir Ir

This proves that P = QQ⊺.
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Projections
PCol(A) = QQ⊺

Advantage

We now have two projection formulas

PCol(A) = X (X ⊺X )−1X ⊺ PCol(A) = QQ⊺

We avoid the “difficult” inversion (X ⊺X )−1 with A = QR.



Projections
Example

Example

Consider the following QR-factorization.[−2 −2 3
2 1 −3
1 −15 6
0 −2 0

]A

=

[
−2/3 −4/15 −1/5

2/3 1/5 −4/15
1/3 −14/15 2/15
0 −2/15 −14/15

]Q [3 −3 −2
0 15 −7
0 0 1

]R

Projection onto Col(A) is given by[

5/9 −4/9 0 2/9
−4/9 5/9 0 2/9

0 0 1 0
2/9 2/9 0 8/9

]PCol(A)

=

[
−2/3 −4/15 −1/5

2/3 1/5 −4/15
1/3 −14/15 2/15
0 −2/15 −14/15

]Q [
−2/3 2/3 1/3 0
−4/15 1/5 −14/15 −2/15
−1/5 −4/15 2/15 −14/15

]Q⊺
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