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Problem 1.(4 pts) A matrix X is called traceless if trace(X) = 0. Suppose A = c1 · A1 + c2 · A2 where A1 and A2 are
traceless. Show that A is traceless. Your solution should neatly fit in the blanks provided below.

trace(A) = trace(c1 ·A1 + c2 ·A2) = c1 · trace(A1) + c2 · trace(A2) = c1 · 0 + c2 · 0 = 0

Problem 2. Let A =

 0 2 −4
2 −5 6

−4 6 −4

.

(a)(2 pts) Only one of the following adjectives applies to A. Select this adjective.

© traceless © upper triangular © rank one
√

symmetric © diagonal

(b)(2 pts) Which vector should we multiply A by in order to “subtract the third column of A from the first column of A”?

©
[

1
−1

]
√

 1
0

−1

 ©

 4
−4
0

 ©

−4
4
0

 ©

−1
0

−1


(c)(4 pts) Let v =

[
2 1 −2

]ᵀ and w =
[
1 −2 2

]ᵀ. One of the two vectors v and w is an eigenvector of A and the
other is not. Find the eigenvector and its corresponding eigenvalue. Clearly explain your reasoning to receive
credit. Fill in the blanks below for clarity.
Solution. We need only multiply v and w by A and ask which matrix-vector product produces a scalar multiple
of the vector. The relevant calculations here are

A 0 2 −4
2 −5 6

−4 6 −4


v 2
1

−2

 =

 10
−13

6

 6= λ ·

v 2
1

−2


A 0 2 −4

2 −5 6
−4 6 −4


w 1
−2
2

 =

−12
24

−24

 = −12 ·

w 1
−2
2


w is the eigenvector of A with corresponding eigenvalue λ = −12

(d)(3 pts) It is known that a3 = −2 · a1 − 2 · a2 where a1,a2,a3 are the three
columns of A. Use this information to fill in the blank matrix to the
right of this paragraph. rref(A) =

1 0 −2
0 1 −2
0 0 0





Problem 3.(5 pts) Let G be the directed graph defined by the incidence matrix A given by

A =



0 0 −1 0 0 1 0 0
0 −1 0 0 1 0 0 0
0 0 0 −1 0 0 1 1

−1 0 0 0 0 0 0 −1
0 1 0 0 −1 0 0 0
1 0 0 1 0 0 −1 0
0 0 1 0 0 −1 0 0


Find the number of connected components of G. Fill in the blank below for clarity.

Solution. The picture is

v1

v7

v2

v5

v4

v3 v6

a3a6 a2a5

a1a8

a4

a7

Here, the number of connected components is three.

The number of connected components of G is 3 .

Problem 4.(6 pts) The data below depicts two vectors v,w ∈ R3 and the result of multiplying a particular symmetric
matrix S by the vector v.

v =

 1
−1
2

 w =

 2
1

−1

  S


v 1
−1
2

 =

 3
−2
1


Let M = QSQᵀ where Q is any 3× 3 matrix whose Gramian equals I3. Calculate 〈Qv,MQw〉. Clearly explain your
reasoning to receive credit. Fill in the blank below for clarity.

Solution. We are given that S is symmetric, which means that Sᵀ = S. We are also told that the Gramian of Q is
I3, which means that QᵀQ = I3. Our desired quantity is then calculated as

〈Qv,MQw〉 = 〈Qv, QSQᵀQw〉
= 〈Qv, QSI3w〉
= 〈v, QᵀQSw〉
= 〈v, I3Sw〉
= 〈v, Sw〉
= 〈Sᵀv,w〉
= 〈Sv,w〉

=
[
3 −2 1

] 2
1

−1


= 3

Here we have made liberal use of the adjoint property of inner products, which asserts that 〈Av,w〉 = 〈v, Aᵀw〉.

〈Qv,MQw〉 = 3



Problem 5. The equation below depicts the result of multiplying two matrices A and B.

Aa1 a2 a3 a4


B

−1 0 1 0 0
1 0 −1 0 1
1 0 1 1 −1
1 1 0 −1 1

 =


0 0 2 1 −1
0 0 0 0 0
2 1 1 0 0

−1 0 1 0 0
1 0 1 1 −1


Note that the columns of A are labeled as a1,a2,a3,a4.

(a)(2 pts) A has 5 rows.

(b)(2 pts) ‖a1 − a2 + a3‖2 = 7

(c)(2 pts) Which of the following vectors is orthogonal to every column of B?

© the first row of A
√

the second row of A © the third row of A

© the fourth row of A © none of these

(d)(3 pts) Calculate this matrix product:

a2 a3 a4


 0 1

1 −1
−1 1

 =


1 −1
0 0
0 0
0 0
1 −1



(e)(2 pts) The fourth column of A is a4 =


0
0
1
0
0


(f )(3 pts) One of the following vectors is equal to the second column of AᵀAB. Select this vector.

© The second column of A. © The second column of Aᵀ. © The third column of A.
√

The third column of Aᵀ. © The fourth column of Aᵀ.



Problem 6.(11 pts) It is known that the columns a1,a2,a3,a4,a5 of the matrix
A depicted to the right of this paragraph conform to exactly two column
relations. Use the Gauß-Jordan algorithm to calculate rref(A). Fill in the
blanks at the bottom of this page with the two column relations satisfied by
a1,a2,a3,a4,a5.
To receive credit, you must properly notate your row-operations and follow
the algorithm exactly as it was articulated in class.

A =


−5 −5 5 −25 −80
0 4 16 8 36

−5 −6 1 −30 −98
4 1 −16 19 52



Solution. Following the algorithm from class, we have

A
−5 −5 5 −25 −80
0 4 16 8 36

−5 −6 1 −30 −98
4 1 −16 19 52

 (−1/5) · r1 → r1
−−−−−−−−−−−−→


1 1 −1 5 16
0 4 16 8 36

−5 −6 1 −30 −98
4 1 −16 19 52


r3 + 5 · r1 → r3
r4 − 4 · r1 → r4
−−−−−−−−−−−−−−−−−−→


1 1 −1 5 16
0 4 16 8 36
0 −1 −4 −5 −18
0 −3 −12 −1 −12


(1/4) · r2 → r2
−−−−−−−−−−−→


1 1 −1 5 16
0 1 4 2 9
0 −1 −4 −5 −18
0 −3 −12 −1 −12


r1 − r2 → r1
r3 + r2 → r3
r4 + 3 · r2 → r4
−−−−−−−−−−−−−−−−−−→


1 0 −5 3 7
0 1 4 2 9
0 0 0 −3 −9
0 0 0 5 15


(−1/3) · r3 → r3
−−−−−−−−−−−−→


1 0 −5 3 7
0 1 4 2 9
0 0 0 1 3
0 0 0 5 15


r1 − 3 · r3 → r1
r2 − 2 · r3 → r2
r4 − 5 · r3 → r4
−−−−−−−−−−−−−−−−−−→

rref(A)
1 0 −5 0 −2
0 1 4 0 3
0 0 0 1 3
0 0 0 0 0


Our calculation of rref(A) reveals that a1,a2,a4 are the pivot columns of A and a3,a5 are the nonpivot columns.
The column relations are

a3 = −5 · a1 + 4 · a2 a5 = −2 · a1 + 3 · a2 + 3 · a4

The column relations are a3 = −5 · a1 + 4 · a2 and a5 = −2 · a1 + 3 · a2 + 3 · a4 .



Problem 7.(6 pts) It is known that the two matrices A
and B depicted to the right of this paragraph satisfy
the equation

AᵀB +Aᵀ − I4 = O4×4

Use this information to calculate (B+I4)
−1. Clearly

explain your reasoning to receive credit. Fill in the
blank matrix below for clarity.

A =


109 −84 −71 34

5 −3 −1 0
−25 20 18 −9
35 −27 −23 11

 B =


3 5 5 10

−7 −12 −3 −11
9 14 2 12

−5 −4 −13 −22



Solution. From class we know that the inverse (B + I4)
−1 of B + I4 is the only other matrix we could possibly

multiply B + I4 by to produce the identity matrix, should such a matrix exist. But the given equation can be
rewritten as

Aᵀ(B + I4) = I4

This simply means that (B + I4)
−1 = Aᵀ!

(B + I4)
−1 =


109 5 −25 35
−84 −3 20 −27
−71 −1 18 −23
34 0 −9 11


Problem 8.(5 pts) The equation below depicts the calculation of the reduced row echelon form of a matrix A.

rref

A

−3 8 29 −75 271
−2 1 5 −14 57
−2 3 12 −34 127
−2 1 6 −17 68
1 3 5 −7 9

−5 −5 −10 20 −32
2 −4 −15 39 −143


=



1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0


Does (AᵀA)−1 exist? Clearly explain why or why not.

Solution. The given calculation of rref(A) tells us that A is 7× 5 with rank(A) = 5. The matrix AᵀA is 5× 5 and
the rank-Gramian theorem from class tells us that

rank(AᵀA) = rank(A) = 5

So AᵀA is square with full rank. This means that AᵀA is nonsingular and (AᵀA)−1 does exist.



Problem 9. Consider the PA = LU factorization given by

P0 1 0
0 0 1
1 0 0


A−15 −15 5 7 −2

3 3 1 0 1
−9 −9 2 4 −2

 =

L 1 0 0
−3 1 0
−5 2 1


U3 3 1 0 1

0 0 5 4 1
0 0 0 −1 1



(a)(3 pts) rank(A) = 3 , nullity(A) = 2 , and nullity(Aᵀ) = 0 .

(b)(6 pts) Some, but not necessarily all, of the following matrices are full column rank. Select these matrices. (1pt each)
√

P © A
√

L © U © AᵀA
√

(Uᵀ)ᵀUᵀ

(c)(7 pts) Find the general solution x to Ax = b for b =
[
29 −2 14

]ᵀ. Clearly explain your reasoning to receive credit.
Fill in your expression for x in the space provided at the bottom of this page.
Solution. We can solve Ax = b by first solving Ly = Pb for y (using “forward substitution”) and then solving
Ux = y for x (using “back-substitution”). The system Ly = Pb is

y1 = −2 → y1 = −2
− 3 y1 + y2 = 14 → y2 = 14 + 3(−2) = 8
− 5 y1 + 2 y2 + y3 = 29 → y3 = 29 + 5(−2)− 2(8) = 3

So, Ly = Pb is solved by y =
[
−2 8 3

]ᵀ.
Now, note that the system Ux = y has variables x1, x2, x3, x4, x5 where x2 = c1 and x5 = c2 are free. Back-
substitution yields

3x1 + 3 c1 + x3 + c2 = −2 → x1 = −2−3 c1−(4−c2)−c2
3 = −2− c1

5x3 + 4x4 + c2 = 8 → x3 = 8−4(−3+c2)−c2
5 = 4− c2

−x4 + c2 = 3 → x4 = 3−c2
−1 = −3 + c2

Our general solution is thus

x =


x1

x2

x3

x4

x5

 =


−2− c1

c1
4− c2

−3 + c2
c2

 =


−2
0
4

−3
0

+ c1 ·


−1
1
0
0
0

+ c2 ·


0
0

−1
1
1


general solution to Ax = b

x =


−2
0
4

−3
0

+ c1 ·


−1
1
0
0
0

+ c2 ·


0
0

−1
1
1





Problem 10.(8 pts) Consider the matrices A and B and the vector v given by

A =

 68120 57154 5049
−12937 10694 15028
−46954 −23409 8382

 B =

−21071 13753 21760
18496 −12425 −19363
25279 −16762 −26297

 v =

 17
−23
31


It is known that the vector v satisfies each of the following three properties

v ∈ EAᵀA(1) v ∈ EBᵀB(4) v ∈ EAᵀB(2)

Now, let M be the matrix defined by

M = ((A+B)ᵀA)ᵀ −BᵀB + 7 I3

Show that v is an eigenvector of M and identify the corresponding eigenvalue λ. Clearly explain your reasoning to
receive credit. Fill in the blank below for clarity.

Solution. We are given that

v ∈ EAᵀA(1) v ∈ EBᵀB(4) v ∈ EAᵀB(2)

which means

AᵀAv = v BᵀBv = 4 · v AᵀBv = 2 · v

We want to demonstrate that v ∈ EM (λ), which is the same as showing that Mv = λ · v. To do so, note that

Mv = (((A+B)ᵀA)ᵀ −BᵀB + 7 I3)v

= (Aᵀ((A+B)ᵀ)ᵀ −BᵀB + 7 I3)v

= (Aᵀ(A+B)−BᵀB + 7 I3)v

= (AᵀA+AᵀB −BᵀB + 7 I3)v

= AᵀAv +AᵀBv −BᵀBv + 7 · v
= v + 2 · v − 4 · v + 7 · v
= 6 · v

This demonstrates that v is an eigenvector of M corresponding to the eigenvalue λ = 6, which means v ∈ EM (6).

λ = 6



Problem 11. Consider the factorization

E
−3 1 2 −3
2 −1 −2 2

−2 0 1 −2
2 −1 −2 3


Aa1 a2 a3 a4 a5

 =

R
1 3 0 −3 5
0 0 1 6 −5
0 0 0 0 0
0 0 0 0 0

.

(a)(2 pts) Which of the following statements correctly answers the question “Is λ = 0 an eigenvalue of E?”

© No, because E is singular. © Yes, because E is singular. © Yes, because E is nonsingular.
√

No, because E is nonsingular. © No, because trace(E) 6= 0.
(b)(3 pts) Let R′ be the matrix obtained by deleting all of the rows of zeros from R. Which (if any) of the following

formulas for C satisfies the equation A = CR′?

√
C =

a1 a3

 © C =

a1 a2

 © C =

a2 a4 a5

 © C =

a2 a4

 © None of these.

(c)(4 pts) It is known that λ = −1 is an eigenvalue of E. Find one nonzero vector v in EE(−1). Clearly explain your
reasoning to receive credit. Fill in the blank vector below for clarity.
Solution. We need to find one vector in EE(−1) = Null(−I4 − E), which is

EE(−1) = Null

−I4−E
2 −1 −2 3

−2 0 2 −2
2 0 −2 2

−2 1 2 −4


Note that col3 = −col1 in −I4−E, which means col1+col3 = O. It follows that v =

[
1 0 1 0

]ᵀ ∈ EE(−1).
Any nonzero multiple of this vector is a valid nonzero vector in EE(−1).

v = c ·


1
0
1
0


(d)(5 pts) Suppose k is a scalar and let v =

[
−1 2 k 0

]ᵀ. There is only one value of k that ensures that v ∈ Col(A).
Find this value of k. Clearly explain your reasoning to receive credit. Fill in the blank below for clarity.
Solution. The question of whether or not v ∈ Col(A) is the question of whether or not [A | v] represents a
consistent system. In class, however, we saw that the system [A | v] automatically reduces to [R | Ev], which is

1 3 0 −3 5 2 k + 5
0 0 1 6 −5 −2 k − 4
0 0 0 0 0 k + 2
0 0 0 0 0 −2 k − 4


Consistency requires we avoid a pivot in the augmented column, which here requires

k + 2 = 0 −2 k − 4 = 0

Both of these are the same as k = −2.
k = −2


